Module-5

TWO PORT NETWORK PARAMETERS

Objectives:

1. To study the concept of two port networks.

2. To study the concept of z y, h and transmission parameters.
3. Providing relationship between parameters sets.

7.1 Introduction

A pair of terminals through which a current may enter or leave a network is known as a port.
A port is an access to the network and consists of a pair of terminals; the current entering one
terminal leaves through the other terminal so that the net current entering the port equals zero.
There are several reasons why we should study two-ports and the parameters that describe them.
For example, most circuits have two ports. We may apply an input signal in one port and obtain
an output signal from the other port. The parameters of a two-port network completely describes
its behaviour in terms of the voltage and current at each port. Thus, knowing the parameters of a
two port network permits us to describe its operation when it is connected into a larger network.
Two-port networks are also important in modeling electronic devices and system components.
For example, in electronics, two-port networks are employed to model transistors and Op-amps.
Other examples of electrical components modeled by two-ports are transformers and transmission
lines.

Four popular types of two-ports param-
eters are examined here: impedance, admit-

I
tance, hybrid, and transmission. We show aOo— | Yo
the usefulness of each set of parameters, Iout * + output
npu
demonstrate how they are related to each pgrt | Circuit > port
other. - _
) b O——n-—-] ————0d
Fig. 7.1 represents a two-port network. .
A four terminal network is called a two-port L I,

network when the current entering one ter-
minal of a pair exits the other terminal in
the pair. For example, I; enters terminal a and exits terminal b of the input terminal pair a-b.

Figure 7.1 A two-port network

We assume that there are no independent sources or nonzero initial conditions within the linear
two-port network.
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7.2 Admittance parameters

The network shown in Fig. 7.2 is assumed to be linear
and contains no independent sources. Hence, princi-
ple of superposition can be applied to determine the
current I, which can be written as the sum of two
components, one due to V; and the other due to V.
Using this principle, we can write

I =y11Vi+y12Va

where y11 and y 12 are the constants of proportionality
with units of Siemens.
In a similar way, we can write

Linear
network

—

I

Figure 7.2 A linear two-port network

Io =y21Vi +y22Va

Hence, the two equations that describe the two-port network are

I =y11Vi+y12Va
Io =y21Vi +y22Va

Putting the above equations in matrix form, we get

[ I } _ [ yi1
L | [ yxn

Here the constants of proportionality y11, Y12, ¥21
and yoo are called y parameters for a network. If
these parameters y11, Y12, Y21 and ygo are known,
then the input/output operation of the two-port is
completely defined.

From equations (7.1) and (7.2), we can determine
y parameters. We obtain y1; and y2; by connecting
a current source I; to port 1 and short-circuiting port
2 as shown in Fig. 7.3, finding V1 and I, and then
calculating,

Yi2
Y22

I

=57 Yau
Vilv,=o

Yu

I

Vi
\P
Il
—
+
1, v

Y=

Y215

(7.1)
(7.2)
I,
———
I, /—C—
‘7| +
V,=0
12
v o

Figure 7.3 Determination of y11 and y 12

I
Vi V=0

Since yy; is the admittance at the input measured in siemens with the output short-circuited,
it is called short-circuit input admittance. Similarly, y2; is called the short-circuit transfer admit-

tance.
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Similarly, we obtain yj12 and y2o by connecting a current source Is to port 2 and short-
circuiting port 1 as in Fig. 7.4, finding I; and V2, and then calculating,

I I
Yi2 = - Y22 = -
Valv,=o Valv,=o
y12 is called the short-circuit trans-
. . I 1
fer admittance and yos is called the short- L 2
circuit output admittance. Collectively the + I C
y parameters are referred to as short-circuit o= v,
V,=0 \'A I,

admittance parameters. I
= 9
Please note that y12 = y2; only when Y2 V. -
- 2
there are no dependent sources or Op-amps
within the two-port network.

Figure 7.4 Determination of y12 and Y22

EXAMPLE L
Determine the admittance parameters of the T network shown in Fig. 7.5.

I
40 20

+ O AA'A% NVVW———0+

v, 2Q \£

- o o-

Figure 7.5
SOLUTION

To find y11 and y21, we have to short the output terminals and connect a current source I; to the
input terminals. The circuit so obtained is shown in Fig. 7.6(a).

I Vi \2!
1 4+2x2 5
2+2
I 1
Hence, = — = -5
s Y1l Vily,.o 5
Using the principle of current division,
N 11 X 2 B Il
2T 949 T o Figure 7.6(a)
1|V
= 712 = — 21
215
I, -1
H , = — =—=S
ence, ya1 = 3~ T
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To find y12 and y92, we have to short-circuit the input terminals and connect a current source
I, to the output terminals. The circuit so obtained is shown in Fig. 7.6(b).

L—— 2
2= . Ix2 L
442 LTS 2
NMNVW—0—
_ Ve +
4
2+ -
3 V= 20 v, G) I,
3V,
~ 10 _
I, 3 °
H = — = —
onee, IR =y, V=0 10S Figure 7.6(b)
Employing the principle of current division, we have
I, x 2
1= 2 X
2+4
21
= “L=
13V,
= —lLi==|—
31 10
I -1
H , = = - __§
ence, Yi2 Vs Vio 10
It may be noted that, y12 = y2;. Thus, in matrix form we have
I=YV
1 -1
I; - — Vi
N _ 5 10
-1 3
lu] [ 2w
? 10 10 ?

EXAMPLE ¥

Find the y parameters of the two-port network shown in Fig. 7.7. Then determine the current in a

42 load, that is connected to the output port when a 2A source is applied at the input port.

I, 20 I
— ——
O——F—WW——0
+ +
\s § 1Q § 30V,
(o) 0]
Figure 7.7
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SOLUTION

To find y1; and y21, short-circuit the output terminals and connect a current source I; to the input
terminals. The resulting circuit diagram is shown in Fig. 7.8(a).

I — \ 2 4!
T I0e0  1x2
142

3
= I, = §V1

I 3
Hence, Vil = — ==S

Vilyv,.o 2

Using the principle of current division,

+0

3Q

®

V,=0

(o]

Figure 7.8(a)
11 X 1

Hence,

9 =

—Iy==

142

1
—I,=-1,

3
1

m

I, —1

3

Yo == 5

VvV, 2

To find y12 and y22, short the input terminals and connect a current source Iy to the output

terminals. The resulting circuit diagram is shown

- 20130
T 2x3
2+3

I,

5V

6

Employing the current division principle,

I, =

I, =

in Fig. 7.8(b).

I, I,
—_— 2Q -
AN o
V=0 10 3Q v, <1> I,
Figure 7.8(b)

IQ X 3
243
3
-1
512
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51 6
-1
= I = 7V2
-I; -1
Hence, Yo = — = —-§
V2 lv,=o 2

Therefore, the equations that describe the two-port network are

3 1
I =-V,-=-V 7.3
1=5V1i-5Va (7.3)
1 5
In=—-V{+-V 7.4
2 5 V1 + 5 V2 (7.4)
Putting the above equations (7.3) and
(7.4) in matrix form, we get L 20 I
3 v . f AYAYA'AY n
o2 | [V h
—_1 § V) I, 2A <1> A\ § 1Q § 3Q V, S 4Q
2 6
Referring to Fig. 7.8(c), we find that o -
11 = 2A and V2 = 7412 )
Substituting I; = 2A in equation (7.3), Figure 7.8(c)
we get
3 1
2=-V; - =V 7.5
V1~ 3 Ve (7.5)
Multiplying equation (7.4) by —4, we get
20
—4I5, =2V — EVQ
20
= Vy9=2V; — EVQ
20
= 0=2V1—<€—|—1>V2
-1 13
5 Vi + A (7.6)

Putting equations (7.5) and (7.6) in matrix form, we get

1
E 2
2 2 _

-1 By, 0
2 12
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It may be noted that the above equations are simply the nodal equations for the circuit shown
in Fig. 7.8(c). Solving these equations, we get

3
Vo=-=-V
279
-1 -3
h Ib=—Vy=—A
and hence, 2 1 Vo 3

EXAMPLE S
Refer the network shown in the Fig. 7.9 containing a current-controlled current source. For this

network, find the y parameters.

I I
1 20 2
o AV O
+ +
\Z § 20 § 20 ‘ 3V,
C O
Figure 7.9

SOLUTION

To find yi; and ys; short the output terminals and connect a current source I; to the input
terminals. The resulting circuit diagram is as shown in Fig. 7.10(a) and it is further reduced
to Fig. 7.10(b).

I I
L 2Q A -
C AYAVAAY, ; +
+ —
L

I,(f) v, §zg §zg <¢ 31, [V,=0

Figure 7.10(a)

(o3

Vi
L=533
242
= IL=V,
I
Hence, yi1 = L =18
Vi Va=0

Figure 7.10(b)
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Applying KCL at node A gives (Referring to Fig. 7.10(a)).

Is + 1, =3I
A%
= 71 + I, =314
\%
= 71 + I, =3V,
5V
= — =1
9 2
I )
H == =15
ence, Y21 vV 5

To find y99 and yjo, short the input terminals and connect a current source I at the output
terminals. The resulting circuit diagram is shown in Fig. 7.10(c) and further reduced to Fig.

7.10(d).
I I
1 2Q 2
n AAYAAY O
+
V=0 §29 §zg * 51, Vs <f> I,
Figure 7.10(c)
v
L=l =—%
v
= “Li=3
I -1
H , =—=—2-
ence, Y12 v, 5
Applying KCL at node B gives
2Q B )
AAYAAY f O
Vg V2 +
L= +5 3
But I, = _;[2 I‘ § 20 Do, <1> I,
A% v A%
Hence, IQ = 72 72 — 372 -
I, —L— N
= y22 = o = —0.58 =
Valv,=o

Figure 7.10(d)
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EXAMPLE g

Find the y parameters for the two-port network shown in Fig. 7.11.

L 79 10 L
o AAAY% AA'A% o)
+ +
v L) v
1 1Q * 2V1 7 2
(e, O
Figure 7.11

To find y1; and y9; short-circuit the output terminals as shown in Fig. 7.12(a). Also connect a
current source I to the input terminals.
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Yt
—_
o]
]
9

—_— 2 v, 1Q -
O AVAVAVAY, AVAYAVAY,
. +
1 4 o v
1 ! 10 P v > 2

Figure 7.12(a)

KCL at node V q:
Vi Vi-V,
I, = T + —
2
= 3V, —-2V,=1; (7.7
KCL at node V
V,—-V V,—0
T+ +2Vi=0
1
2
= 2V, -2V +V,+2V; =0
= V,=0 (7.8)

Making use of equation (7.8) in (7.7), we get

3Vi=1;
I
Hence, yi1 = 1 =3S
Vilv,=o
Since V, =0,1I, =0,
I
= yo1 = V_2 =08
1lvy=0

To find y9o and y;5 short-circuit the input terminals and connect a current source Iy to the
output terminals. The resulting circuit diagram is shown in Fig. 7.12(b).
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I
\ 1Q 2
AVAYAVAY, O

+

o !

Figure 7.12(b)

KCL at node V5.
Vo Vo -V,
Tk
2
= 3Vo —V,=1,
KCL at node V ,:
V,—-Vy V,-0 B
1 1 +0=0
2
= 3V,—Vy=0
1
or Vn, - _V2
3

Substituting equation (7.10) in (7.9), we get

1
3Vgy — ng =1

8
= -Vy=1
372 2
I
H P ipu—
ence, Y22 Vs
1
We have, V,= §V2
Also, Li+I3=0
= L=-1I3
_ _Va,
-1
2

(7.9)

(7.10)

(7.11)

(7.12)
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Making use of equation (7.12) in (7.11), we get

I, 1
1 _ vy
2 37
I; -2
Hence, Yi2 = — =—S-
Valv,—o 3

EXAMPLE ES
Find the y parameters for the resistive network shown in Fig. 7.13.

I, 1Q L
o MM— 3 o
+ N +
\ § 20 § 20V,
G O

Figure 7.13

SOLUTION
Converting the voltage source into an equivalent current source, we get the circuit diagram shown
in Fig. 7.14(a).

To find y11 and y91, the output terminals of Fig. 7.14(a) are shorted and connect a current
source I to the input terminals. This results in a circuit diagram as shown in Fig. 7.14(b).

1Q
AAAAY 10
| 3V,
' L 3V
o— @ —o h 1 L
+ + = AN -~
by Vv, v, *
v, 20 20V,
_ _ I, G) v, 20 20 V,=0
O 0]
L _
Figure 7.14(a) Figure 7.14(b)
KCL at node V1:
Vi Vi -V,
o P Sh
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Since Vo = 0, we get

A%
71 +V;=I,+3V;
-3
= 11 == ?Vl
I
Hence, yii = =
Vi V3=0
KCL at node V 5:
V-V
243V + — 1 S =1
Since Vo = 0, we get
04+3V:i—Vi=1
= I, =2V,
H L _ o
ence = — =
ya21 v,

To find y2; and y22, the input terminals

1Q

VN
3V,=0

-~

of Fig. 7.14(a) are shorted and connect a current
source I to the output terminals. This results in a circuit diagram as shown in Fig. 7.14(c).

2Q

+0

20V,

-

o'

Figure 7.14(c)

1Q

—

Figure 7.14(d)
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KCL at node Vs

Vo Vo-—-0
2z =1
2 1
3
= -Vy=1
AL 2
I 3
Hence, Yoo = V_22 = §S
KCL at node V:
Vi V-V,
I, =— =0
S
Since V1 = 0, we get
I =-V,
H L 18
n -t _
ence, Y12 Vs,

EXAMPLE e
The network of Fig. 7.15 contains both a dependent current source and a dependent voltage

source. Find the y parameters.

| 2v, .

! 10 -«
o AMAN— D> o
+ +
v, § o () v, § 19 v,
o o

Figure 7.15

SOLUTION
While finding y parameters, we make use of KCL equations. Hence, it is preferable to have current
sources rather than voltage sources. This prompts us to convert the dependent voltage source into
an equivalent current source and results in a circuit diagram as shown in Fig. 7.16(a).

To find y1; and yo;1, refer the circuit diagram as shown in Fig. 7.16(b).

KCL at node V:

Vv V-V
T1+1f2+2V1=2V2+11
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1Q

VVVV
L 2V, I,
= PN -
(o, — ’e)
+ N +
v, 2 4y av, eV
o °
Figure 7.16(a)
1Q
L 2V I,
o— Vil sy |V ==
+ +
I, (1) v, § 1Q <f> 2V,=0 § 1Q V,=0
(open)
Figure 7.16(b)
Since Vo = 0, we get
Vi+Vi+2V=1;
= 4Vi=1;
I
Hence, = — =4S
, yi1 v,
KCL at node Vo:
Vv Vy—V
2 2 1_ OV, + 1
1 1
Since Vo = 0, we get
V=2V + 1,
= —3Vi=D
Hence, Vo1 = Iz — 39
Vi Va=0
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To find y22 and y 12, refer the circuit diagram shown in Fig. 7.16(c).

KCL at node V1:
A% V-V
Tl‘l—%"—z\/l :2V2+Il
Since V1 = 0, we get
-V =2Vo+1;
= —-3Veo=1I;
I
Hence, Vig = il = —3S
Va Vi1=0
1Q
AVAYA'AY
2V,=0 .
v, V, <=
— O
+

Figure 7.16(c)

KCL at node V o:
A% V-V
X2 27V oy 41,
1 1
Since V; = 0, we get
Va+Vy=0+1I
= -2V =1
I
Hence, Voo = —=
Vs Vi=0

7.3 Impedance parameters

Let us assume the two port network shown in Fig. 7.17 is a
linear network that contains no independent sources. Then
using superposition theorem, we can write the input and out-
put voltages as the sum of two components, one due to I;
and other due to I:

Vi
Vo = 2z9111 + z2ol

z1111 + 21215

2S

Two port
network

Figure 7.17
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Putting the above equations in matrix from, we get

|: ; :| [ . :| [ Il :|
V2 721 722 I2
The z parameters are defined as follows:

V,

Z21 = —
I

Vo

Z2) = —
I

Vi
VA = —

Vi
I,

Z12 =

I>=0 I,=0 I>,=0 I,=0

In the preceeding equations, letting I; or Iy = 0 is equivalent to open-circuiting the input or
output port. Hence, the z parameters are called open-circuit impedance parameters. z11 is defined
as the open-circuit input impedance, za2 is called the open-circuit output impedance, and z12 and

z9o1 are called the open-circuit transfer impedances.
If z12 = 7931, the network is said to be reciprocal network. Also, if all the z-parameter are

identical, then it is called a symmetrical network.

EXAMPLE W
Refer the circuit shown in Fig. 7.18. Find the z parameters of this circuit. Then compute the

current in a 4(2 load if a 24 & V source is connected at the input port.

I, 12Q 3Q I,
C AYAVAYAY, NV\WN——0
+ +
\7 6Q v,
e} ‘o)
Figure 7.18

SOLUTION
To find z1; and z21, the output terminals are open circuited. Also connect a voltage source Vi to

the input terminals. This gives a circuit diagram as shown in Fig. 7.19(a).

L 12Q 3Q L,=0
NVNWN—T— WVWW————0
+ +
Vi § 6Q v,
o

Figure 7.19(a)
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Applying KVL to the left-mesh, we get

12I; + 6I; =V,

= V; = 18I,
A%
Hence, Z1] = -t = 18Q
1 115=0

Applying KVL to the right-mesh, we get

—Vo+3x0+6I;=0
= Vi =6l

\%
Hence, Zo] = -2 60
I

To find z22 and z19, the input terminals are open circuited. Also connect a voltage source Vo
to the output terminals. This results in a network as shown in Fig. 7.19(b).

I,=0 12Q 3Q I,

Figure 7.19(b)
Applying KVL to the left-mesh, we get

Vi=12x 0+ 6I,

= V=6l
Vv
Hence, Z19 = -1 = 6£2
I, I,=0
Applying KVL to the right-mesh, we get
—Vy+3I, +6I, =0
= Vo =9Iy
Vv
Hence, Z9g = 22 =90
I, 1,=0
The equations for the two-port network are, therefore
V=181 + 612 (7.13)
Vo =611 + 91, (7.14)
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The terminal voltages for the network shown in Fig. 7.19(c) are

V=24 /0° (7.15)
Vo= -4l (7.16)
L 12Q
—— oW
+

+
v, =24/0°vV \ _

Figure 7.19(c)

Combining equations (7.15) and (7.16) with equations (7.13) and (7.14) yields
24 /0° = 18I + 61,

0=6I; 4+ 131,
Solving, we get I, =—-0.73 /0° A

DAY= 7.8
Determine the z parameters for the two port network shown in Fig. 7.20.

Figure 7.20

SOLUTION
To find z1; and z21, the output terminals are open-circuited and a voltage source is connected to
the input terminals. The resulting circuit is shown in Fig. 7.21(a).

I R, Ry 1,=0
[——— -
AAAY AAA% o]
+ +
O (D) o
O

Figure 7.21(a)
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By inspection, we find that I3 = 5V
Applying KVL to mesh 1, we get

Ry (I - I3) =V,

= RiI; — RiI3s=V;,
= I — BBV =V,
= (1 + Rlﬂ) Vi =R
Vv R
Hence, Z1] = 1 1

T TR
Applying KVL to the path V1 — Ry — R3 — Vo, we get

=V + Rolz3 — R3lo + Vo =0
Since I = 0 and I3 = BV, we get

—V1i+ RV —0+Vo=0

= Vo=V, (1 — ﬁRg)
R
=(1—-08Ry) ———
1-p 2)1+[)’R1
A% R (1 -8R
Hence, g = V2| _ (- fR)

f I,=0 1+ ﬂRl
The circuit used for finding z12 and z2 is shown in Fig. 7.21(b).

R,

R, I,
A ;
ANV '}
+
+
“ O %> al o O

Figure 7.21(b)

By inspection, we find that

12 — Ig = ﬂVl and V1 = IgRl

4

I, - I3 = 3(I3R)
I;(1+68R) =1

4
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Applying KVL to the path Rs — Ro — R; — V2o, we get
R3ly+ (Ro+ R1)I3 — Vo =0

I
= Rsal Ryo+R)———=V
3o + (R2 + 1)1+ﬁR1 2
Ry + R1]
= Li|Rs+—~+| =V
2 [ 3717 ¥ AR 2
A%
Hence, Zoy = —2
I 1,=0
Ry + Ry
Rs + Q
P14 B8R
Applying KCL at node a, we get
BVi+I3=1
\4!
= Vi+—=—=I
BV + 7 2
= Vi |8+ i I
1 i 2
Vi 1
- S N
11_0 + J—
g 7
1+ GR;
EXAMPLE Y
Construct a circuit that realizes the following z parameters.
|12 4
Tl 4 8
SOLUTION
Comparing z with = [ a2 ] , we get
Zo1 722

Z11 = 12@, Z12 = Z921 = 49, z22 = 82

Let us consider a T network as shown in Fig. 7.22(a). Our objective is to fit in the values of

Ri1, R and Rj3 for the given z.
Applying KVL to the input loop, we get
Vi=RiI + R3(I) +Io)
= (Ry + R3) 11 + R3ly
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Comparing the preceeding equation with

c VVVN ANN—0
Vi =z + 2121 * *
we get Vi I+, l §R3 \£)
z11 = R1 + R3 = 120 E) -
Z19 = R3 =40

Fi 7.22
= Ry=12- Ry =89 1oure 7:22(@)

Applying KVL to the output loop, we get

Vi = Rolo + R3 (I1 + 1)

= Vo =R3l1 + (R2+ R3) I
Comparing the immediate preceeding
equation with I, R=8Q Ry=4Q L
% AAYAAY AA'A% o)
Vo =zo111 + 2921 i !
v, R,=4Q v,
we get
Zo1 — R3 =40 c
z92 = Ry + R3 = 8Q Figure 7.22(b)

= Ry =8 — R3 = 40
Hence, the network to meet the given z parameter set is shown in Fig. 7.22(b).

S NVIZ=. 7.10
£z — [40 10

20 30 } Q for the two-port network, calculate the average power delivered to 5052

resistor.

Two port

network 500

Figure 7.23
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SOLUTION
We are given z1; = 400 z12 = 1002 29 = 2000 z29 = 3002

Since z12 # 791, this is not a reciprocal network. Hence, it cannot be represented only by
passive elements. We shall draw a network to satisfy the following two KVL equations:

V1 =40I; + 101y
Vo =201 + 301,

One possible way of representing a network that is non-reciprocal is as shown in Fig. 7.24(a).

I I

Ly 40Q 30 2
C—VWW —O
+ +
v, 101, 201, v,
o o)

Figure 7.24(a)

Now connecting the source and the load to the two-port network, we get the network as shown
in Fig. 7.24(b).

12
-~
7
100/0°V v, 50Q

RMS

Figure 7.24(b)

KVL for mesh 1:

6017 + 10I, = 100
= 6l + I, =10

KVL for mesh 2:

801> + 20I; =0
41, +1; =0
I, =41,

L
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Solving the above mesh equations, we get

—24I, + I, =10
= —23I, =10
—10
L =—
= 273

Power supplied to the load = |L|?Ry,

100
BECEERR

=945 W
EXAMPLE AN

4
Refer the network shown in Fig. 7.25. Find the z parameters for the network. Take oo = 3

I, 4Q 20 I
—_— -
C—— WWV AAAY o)
+ +
v, aV, 3Q v,
C O
Figure 7.25

SOLUTION
To find z1; and z21, open-circuit the output terminals as shown in Fig. 7.26(a). Also connect a
voltage source V to the input terminals.

L,=0

I, 4Q 20 )
—_— b —-—

—C—A\WVWY WAYAAY O

+ +

G 0]

Figure 7.26(a)
Applying KVL around the path V1 — 4§ — 2 — 312, we get
41, + 513 =V, (7.17)
Vs

Also, Vo =313, soly= 3 (7.18)
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KCL at node b leads to
11 — QVQ — 13 =0 (719)

Substituting equation (7.18) in (7.19), we get

A% 1
IlzaVQ-i-?Q: [a+—:| Vs

3
4 1
=|-+-|V
[3+3} 2
Hence, Zo] = & = §Q
L |,—g 5

Substituting equation (7.18) in (7.17), we get
\%
Vi =4I + 5?2
5 3 \% 3
=4I + 3 <11 X 5) <Since I_12 = 3)
Therefore, zZ11 = — = b0

To obtain z95 and z12, open-circuit the input terminals as shown in Fig. 7.26(b). Also, connect
a voltage source V5 to the output terminals.

I=0 40 20 I,
G AAYAAY VWV O—
+ +
+
v, <¢> v, \ L 3Q I AL
. -
Figure 7.26(b)
KVL for the mesh on the left:
Vi+5I; -3, =0 (7.20)
KVL for the mesh on the right:
Vo+3l; -3 =0 (7.21)
Also, I, =aVs (7.22)
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Substituting equation (7.22) in (7.21), we get
Vo+4+3aVy—3I, =0

= V, (1+3(J4) =3I,
VvV 3
Hence, Zoo = -2 =
L9 1+3a
3 3
R —— o
143 (é 5
3
Substituting equation (7.22) in (7.20), we get
Vi+5aVy =3Iy
3
Substituting Vo = 512, we get
3
V1+5C¥ EXIQ :312
A%
Hence, Z19 = 2t
I, I,=0
=3 -3«
4
=3-3-=-1Q
3
Finally, in the matrix form, we can write
Z11 Z12 5 —1
z= =15 3
Z21 722 3 5

Please note that z12 # zo1, since a dependent source is present in the circuit.

VIS 7.12
Find the Thevenin equivalent circuit with respect to port 2 of the circuit in Fig. 7.27 in terms of z
parameters.

-2

Z11 22
v, ZL§V2

21 Iy

O
I

Figure 7.27
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SOLUTION
The two port network is defined by

Vi =zl + z120y;

Vo = 20111 + z221y;

here, Vi =V, - Z,I;
and V2 = ILZ[, = —IQZL

To find Thevenin equivalent circuit as seen
from the output terminals, we have to remove
the load resistance Rj;. The resulting circuit
diagram is shown in Fig. 7.28(a).

‘/t = V2|12:0

=zoly

With Iy = 0, we get

= I, = =

Solving for I, we get

\Z
z11 + 2,

-
—
I

Substituting equation (7.24) into equation (7.23), we get

_ 7V
zZ11 + 2,

To find Z;, let us deactivate all the indepen-
dent sources and then connect a voltage source
V5 across the output terminals as shown in Fig.
7.28(b).

_ V2

Z, = ; where Vg = 29111 +2z201

I V=0
We know that Vi =znli +2z12Dp V=0
Substituting, Vi = —I1Z, in the preceed- -
ing equation, we get

~I1 7, = z1111 + z121>

—z121

Solving, I, = ﬁ
g

1,=0
-
——o
+
LSTOREAT)
V,=V, Lo
L, Ip
| _
Figure 7.28(a)
(7.23)
(7.24)
I
-2
5
2, I
+
O
Zyip g
Figure 7.28(b)
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We know that,
Vo =z0111 + Z2oIo

—z121s
=7 — | 4+ z I
21 [Zu +Zg] 2215
Vo Z21%Z12
Thus, 7, = —=< = 2
T z11 + Z

O

The Thevenin equivalent circuit with respect to the output termi-

e
U

Figure 7.28(c)

nals along with load impedance 77, is as shown in Fig. 7.28(c).

DV, 7.13

(a) Find the z parameters for the two-port network shown in Fig. 7.29.
(b) Find Vy(t) for t > 0 where v, (t) = 50u(t)V.

o b ! 1H
+ :
’Ug(l) B V1 :
Figure 7.29

SOLUTION
The Laplace transformed network with all initial conditions set to zero is as shown in Fig. 7.30(a).

I FoTTTTT TS T TS TS T T T TS 1 12
1Q Ly s K ' -
— A —O—— T —— T ——0——

(o]

I
1
Q«l.—t
=
NV
0

Two port network

Figure 7.30(a)
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(a) To find z1; and z2;, open-circuit the output terminals and then connect a voltage source
V1 across the input terminals as shown in Fig. 7.30(b).

Applying KVL to the left mesh, we get

1
Vi = <S + —> I
S

A%
Hence, Z11 = -1
I I,=0
241
= 8 + _—=
s s
1
Also, Vo=I1-
s
V 1
Hence, Zo] = 22 ==
Il I,=0 S

To find z9; and z92, open-circuit the input terminals and then connect a voltage source Vo
across the output terminals as shown in Fig. 7.30(c).

I , 1,=0 =0 s L
1 $ s 2 — -
S AT 0 O_/MMTWW ;
+
1
Vi e SL v, Vi —‘— =~ V2
o o o
Figure 7.30(b) Figure 7.30(c)
Applying KVL to the right mesh, we get
1
Vo= |s+ S I
2
Vs s“+1
= 799 = — =
12 1,=0 S
1
Also, Vi=-I
S
Vi 1
= 719 = — = -
12 1,=0 S
Summarizing,
s2+1 1
Z11 212 5 3
‘T N 1 s?2+1
Z21 222 =
s s
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(b)

Figure 7.30(d)
Refer the two port network shown in Fig. 7.30(d).

Vi =V, -1 Z; =zl +z1202

= Vo= (211 + Zy) I + z121
-V
= Vo=(zu1+ 72, L +z12[ 7 2}
T,
and Vo =z9111 + 22215
Vv
= Vo =291 — ZQQZ—2
I,
1
= I =— [1 + @] Vo
Z21 Z,

Substituting equation (7.26) in equation (7.25) and simplifying, we get

E — 22177,
Vg (Z1 + 222) (211 + Zy) — 212221

Substituting for Z7,, Z, and z-parameters, we get

1
Va(s) _ s
Vo(s) (2 +1 241 1
(%) <S i +1> (5 i +1>-——§
8 s 8
B 8
(s2+s+1)°—1
\%
N 2(s) _ 1
Vy(s) 834252+ 3s+2
. 1
(s 1) (s2+s5+2)
V,(
Hence, Va(s) = ()

(s+1)(é2+s+2)

(7.25)

(7.26)

(7.27)

(7.28)
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The equation s2 + s + 2 = 0 gives

VT
S19=—= +j -
S1,2 5 7175
V.
This means that, Va(s) = ;q/(_s) N
1 AT 1 AT
(S+1) (84—5—]7) <S+§+]7>
Given vg(t) = 50u(t)
50
= =2
: s
50
Hence, Va(s) = 7 NG
1 7 1 7
1 V7 L V7
s(s+ )<s+2 J 2><s+2+3 2>
Ky K> K K3
=—+ + +
s | s+1 +1 T +1+,\/7
R R T R

By performing partial fraction expansion, we get
Ky =25, Ko=-25, Kj3=0945/90°
25 25 9.45 /90° 9.45 /=90°
Hence, Va(s) = — — + £%0°
S s+1 1 \/7 1 \/7

St Tl gty

Taking inverse Laplace transform of the above equation, we get

Vo(t) = [25 — 25e™" + 18.9¢ 7" cos(1.32t + 90°)] u(t)V

Verification:

V5(0) =25 — 25+ 18.9cos 90 = 0
Vi(c0) =25+ 0+ 0 =25V

Please note that at ¢ = oo, the circuit diagram of Fig. (7.29) looks as shown in Fig. 7.30(e).

o 29
—WW—0—o0 o—0
+
50

I(OO) = ? = 25A i O+

Hence, Vj(c0) = Vi(c0) =25V <_> 50 Ve (o) Vz(oo)§ 1Q
O -

Figure 7.30(e) }
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EXAMPLE AE

The following measurements were made on a resistive two-port network:

Measurement 1: With port 2 open and 100V applied to port 1, the port 1 current is 1.125A and

port 2 voltage is 104 V.

Measurement 2: With port 1 open and 50V applied to port 2, the port 2 current is 0.3A, and the

port 1 voltage is 30 V.

Find the maximum power that can be delivered by this two-port network to a resistive load at

port 2 when port 1 is driven by an ideal voltage source of 100 Vdc.

SOLUTION

Vi

Z11 = I_
1

Vo

Z21 = f
Vi

Z12 = —
I,

Vo

Z22 = I_
2

We know from the previous example 7.12 that,

For maximum power transfer,

1
= ﬂ = 88.8902
Lo 1125
104
= L = 92.44Q
Lo 1125
= ﬂ = 10012
I;=0 0.3
= ﬂ = 166.6792
I,=0 0'3
712721
Ty = mgy — 212721
. Z,
244 x 1
88.894+0
= 166.67 — 103.99
= 62.68¢)
Z5, = Z4

= 62.68¢2 (For resistive load)
z21Vy
zZ11 + Zg
92.44 x 100
T 888910
=104V
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The Thevenin equivalent circuit with respect 62,680
to the output terminals with load resistance is as AVAYAYAY,
shown in Fig. 7.31.

2 +
Pmax =Ry, 104V <_> @ Z,=R,=62.68Q

2
I x 62.68
62.68 x 2

=43.14 W

Figure 7.31

SANVISIE 7.15
Refer the network shown in Fig. 7.32(a). Find the impedance parameters of the network.

2V,
>
L, 20 2L 153
2Q
N\ -

o T = 0
© AAYAAY < AYAVA'AY °
+
v, 3 2Q v,
C O
Figure 7.32(a)

SOLUTION
2V,
4—
=2V,
I, 21, O L
2Q 2Q -
AW $ ANN———0
+ +
+
v, @ V32 20 @ \E
G O
Figure 7.32(b)

477



Referring to Fig. 7.32(b), we can write

V3= 2(11 —I—Ig)

KVL for mesh I:
2 + 2L+ 2(I1 + 1) =V
= 417 + 41, =V,

KVL for mesh 2:

2 (IQ — 2V3> + 2 (Il + IQ) =Vy
= 212—4)(2(11—|—IQ>+2(11—|—IQ>=V2
= 212—6(11+IQ>=V2
= — 61 —4I, =V,

A% 41, + 41
zy = 2L _ 4l — 40
I I>=0 I I>=0
\% —6I; — 41
gy = V2| ZOhAL o
I 1.=0 I I,=0
\% 41, + 41 i
Zyp = -1 _ it = 40
Ip I,=0 I I,=0
—6I; — 41
Zigy = Vs _ —6hL -4l — 40
I, I,=0 I, ;=0

EXAMPLE WAL

Is it possible to find z parameters for any two port network ? Explain.

SOLUTION

It should be noted that for some two-port networks, the z parameters do not exist because they
cannot be described by the equations:

Vi =Tz11 + Izo } (7.29)

Vo =T1291 + Izzoo

As an example, let us consider an ideal transformer as shown in Fig. 7.33.
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7.4 z andy parameters by matrix partitioning

For z parameters, the mesh equations are
Vi=znlh +zplh+-- 4z,
Vo =2zo111 + z90lp + -+ - + 221,

0= znlll + zn212 + -+ znnIn

By matrix partitioning, the above equations can be written as

\Z
\E

Z)1

Z)2

Zi,

-
w o =
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The above equation can be simplified as (exact analysis not required)
[V2]_[M_NQ P][Iz]

M — NQ™ P gives z parameters.
Similarly for y parameters,

.............................

II Vl

12 M N Vz

i =[P Q] v

| 0 | [V, |

L | - Vi
= [12]_[M—NQ1P][V2}

M-—-NQ'P gives y parameters.

EXAMPLE AW
Find y and z parameters for the resistive network shown in Fig. 7.34(a). Verify the result by using

Y — A transformation.

1Q 3 1Q
o AYAYAAY AVAVA'AY o
1
(D) 50 () §90
O O
Figure 7.34(a)

SOLUTION
For the loops indicated, the equations in matrix form,

v,] [3 o =2]]1
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e [V]{[0 o] [en] 2 0s1[2])

N 1.8571 0.2857 — [
0.2857 0.4285 |

-1 [0.6 —0.4}
y:Z =

—-0.4 25
Verification
Z
1 o= AAAN, AAAN—> o2
Z \\\ ’/Z2
o el o 2’
Figure 7.34(b)
Refer Fig 7.34(b), converting T of 1, 1°, 2 into equation, 20
Ix14+1x24+1x2 ° VW °
71 = =5
1 4 11 O
Zy=5 50 B
5
Zs=35 o o
1 .
5 X — 5 Figure 7.34(c)
Z, = 2 -2
Therefore, 5.5 11
3 B 2 13
Y11—5, Yi2 =Yy21 = 5 Y22 = 5

The values with transformed circuit is shown in Fig 7.34(c).

DY 7.18

Find y and z parameters for the network shown in Fig.7.35 which contains a current controlled
source.

L I,
2Q
L AAMA— il
+ +
Vv, 1Q 20 3, V,
° o

Figure 7.35
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SOLUTION
Atnode 1,
1.5V, — 0.5V =14

At node 2,
—0.5V1+Vy =1, - 3I;

In matrix form,

15 —057[Vve] [ 1 0][L
05 1 Vo| [ -3 1[0
= V1 . [ 1.5 —0.5 ! 1 0 Il
Vo | | -05 1 -3 1[I
B [ —04 04 I
132 12| L
[ 0.4 0.4
Therefore, [z] = | -32 1.2 }
.1 [15 -05
yl=[z]"" = [ 4 _0.5}

7.5 Hybrid parameters

The z and y parameters of a two-port network do not always exist. Hence, we define a third set
of parameters known as hybrid parameters. In the pair of equations that define these parameters,
V; and Is are the dependent variables. Hence, the two-port equations in terms of the hybrid
parameters are

Vi=hnli +h;pVe
Io =ho1I; + hooVo

[V1}[h11 h12} [ L }
I, ho; hy Vo

These parameters are particularly important in transistor circuit analysis. These parameters
are obtained via the following equations:

(7.30)
(7.31)

or in matrix form,

Vi
h = —
11 Il

A%
hyp = V—l
Vo=0 2

I
hy = =

1,=0 I

Vao=0 Vs

The parameters hj1, hio, ho and hoy represent the short-circuit input impedance, the open-
circuit reverse voltage gain, the short-circuit forward current gain, and the open-circuit output
admittance respectively. Because of this mix of parameters, they are called hybrid parameters.
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EXAMPLE AE
Refer the network shown in Fig. 7.36(a). For this network, determine the h parameters.

aly
L R, R, L
—_— -
o MV AAAY o)
+ +
VI RB VZ
O O
Figure 7.36(a)

SOLUTION
To find hy; and hy; short-circuit the output terminals so that Vo = 0. Also connect a current
source I to the input port as in Fig. 7.36(b).

(o)

Figure 7.36(b)
Applying KCL at node x:
Ve Ve—=0
I+ — = I, =
1+ Rn + e + aly
1 1
= Ljo-1]=-V, | =— 4+ —
tloe=1] ' [RB Rc]
1—a)l
N V. — (1-a)l1RgRc
Rp + Rc
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Vi
Hence, =

L V2=0
Ve + TRy
I V2=0
o (1 — Oz)IlRBRC
a (RB + Rc) I;
(1 -a)RpRc
Rp + Rc

+ RAL

+ Ra
KCL at node y:

al +Ip+13=0

V,—-0
ol + I + —

=0
c

1 (1 — a)IlRBRc]
= I+ + — =0
e Rc [ Rp + Rc

Hence,

To find hos and hj» open-circuit the input port so that I; = 0. Also, connect a voltage source
V3 between the output terminals as shown in Fig. 7.36(c).

al,
<
L= R, y R I,
o—WWW AVVWWN——C—
+ +
+
Vi Ry Vo
O O
Figure 7.36(c)
KCL at node y:
Vi V-V,
—_—+ — I, =0
R + o +aly
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Since I = 0, we get

Vi Vi Vo
Rg  Rc Rc
11 Vs
Vi|—+—|==2
1[123 Rc|  Re
= h -V = i
® 7 Vy|._, R+ Rc

Applying KVL to the output mesh, we get
—Vo + Ro (aI1 + 12) + Rpl; =0
Since I} = 0, we get

Rclz + Rpla = Vo
| D) 1

= hy = — =
7 Vil Rc+Rp

VY=, 7.20
Find the hybrid parameters for the two-port network shown in Fig. 7.37(a).

v 8Q v,

Figure 7.37(a)

SOLUTION
To find hy; and hy;, short-circuit the output port and connect a current source I to the input port

as shown in Fig. 7.37(b).

Figure 7.37(b)
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Referring to Fig. 7.37(b), we find that

Vi =1 [2Q + (89]49)]
=1I; x 4.67
Vi

Hence, h;; = —
I

= 4.6702
V=0

By using the principle of current division, we find that

11 X 8 2
27844 3
I -2
Hence, hy = 2 ==
L lv,—o 3

To obtain hys and hsyy, open-circuit the input port and connect a voltage source Vs to the
output port as in Fig. 7.37(c).

I.=0 1
Using the principle of voltage division, —» 20 40 <=
c AYAVA'AY ANV VN\——0——
v 8 2V + +
'T8y4 2377 v 50 <+>V
vV, 2 : _J
H hip=— ==
ence, 12 V2 3 ~ _
Also, V, = (8 + 4)12 C O
=121, Figure 7.37(c)
I 1
= hy = — = —S
Voly,—o 12

EXAMPLE A
Determine the h parameters of the circuit shown in Fig. 7.38(a).

I, 12Q I,

Figure 7.38(a)
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SOLUTION
Performing A to Y transformation, the network shown in Fig. 7.38(a) takes the form as shown in

Fig. 7.38(b). Please note that since all the resistors are of same value, Ry = §RA'

:
s

\A 4Q v,

(0]
(0]

Figure 7.38(b)

To find hi; and ho;, short-circuit the output port and connect a current source I; to the input
port as in Fig. 7.38(c).
Vi =1 [4Q + (4Q][4Q)]

=61,
Vi

L [v,=0

Hence, h;; = = 612

Using the principle of current division,

1
Ty = —— x4
4+4
I
= I = 9 =0 40 4Q I,
NNVN—C—
I, 1 % AAYAAY 3
Hence, hyy = — = — +
Ii [v,—o 2 -
. . . \A 4Q \D
To find hio and hsy, open-circuit the input port =
and connect a voltage source V to the output port - -
as shown in Fig. 7.38(d). o o
Using the principle of voltage division, we get Figure 7.38(c)
Vo
V= 4
L= ya”
Vi 1
= hio = — =-
1237 Lo 2
Also, V, = [4 + 4] x Is = 81y
I, 1
= hy = — =
2=y, Loy 8
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EXAMPLE V¥

Determine the Thevenin equivalent circuit at the output of the circuit in Fig. 7.39(a).

I

Z, !
—AA—O~
+

(0]

11°

2119

12

h22

+0

Figure 7.39(a)

SOLUTION

To find Z;, deactivate the voltage source V, and apply a 1 V voltage source at the output port, as

shown in Fig. 7.39(b).

hl 112 h12

V=
h21’ h22
Figure 7.39(b)

The two-port circuit is described using h parameters by the following equations:

Vi=hyl; + hjpVy
Io =hoI; + hypVy

ButVo=1Vand V| = —Ilzg

Substituting these in equations (7.32) and (7.33), we get

-1 Z; =hi1I; +hypo

—h
= I 12

- Zg + hq

Io =hoI; + hoo

(7.32)
(7.33)

(7.34)
(7.35)
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Substituting equation (7.34) into equation (7.35), we get

hsihio
I = hoy — 22112
2 2 hn+ Zy,
_ hi1hoy —hythis +hao 7,
hy; + Z,
\% 1 h Z,
Therefore, 7 = Y2 _ 1+ Zg

I, I, hjjhy —hphy + hyyZ,
To get V;, we find open circuit voltage Vo with Is = 0. To find V4, refer the Fig. 7.39(c).

1,=0
—

————o0

+

Vi

5

Figure 7.39(c)
At the input port, we can write
_Vf] —|-11Zg +V;=0

= Vi=V,-11Z, (7.36)

Substituting equation (7.36) into equation (7.32), we get

Vy — 117y = hi111 + h12Vy

= Vy = (h11 + Zy) 11 + h1pVy (7.37)

and substituting Iy = 0 in equation (7.33), we get

0=hoI; +hxV,
—hy,

= I, = V, (7.38)

hy,
Finally substituting equation (7.38) in (7.37), we get

—h
Vg = (h11 + Zg) < hQ?Q V2> +h15Vy

Vgha1
hiohy; —hithyy — Zjhoo

=~

= Vo=V, =

Hence, the Thevenin equivalent circuit as seen from the
output terminals is as shown in Fig. 7.39(d).

Figure 7.39(d)

489



VIS, 7.23

Find the input impedance of the network shown in Fig. 7.40.

Figure 7.40

SOLUTION
For the two-port network, we can write
Vi =hnli +hipVy
I> =hyI; + hypVy
But Vo =171, = -7,
where 7, =T75k0
Substituting the value of V3 in equation (7.40), we get

Io = ho1I1 — hoola 7y,

75 x 103 x 1075 x 200

1+75 % 103 x 10-6

ho I
= | P L
1+ Zrho
Substituting equation (7.42) in equation (7.41), we get
—Zrhoy 1
V, = rhaily
1+ Zrha
Substituting equation (7.43) in equation (7.39), we get
hi2Z7hy 1y
Vi=hpyl) - ———
1 e I .
Vv
Hence Zi = 1
I
“n Zrhi2hoy
=hy ——F—
1+ Z1hao
=3x10° -
= 2.86kN

(7.39)
(7.40)
(7.41)

(7.42)

(7.43)
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EXAMPLE %

. .V R
Find the voltage gain, 72 for the network shown in Fig. 7.41.
g
12
~—
—O_
h,, = 2kQ *
h, = 107
v, H 7, =50kQ
hy, =100
h,, = 1078
Figure 7.41

SOLUTION
For the two-port network we can write,

Vi=hyI; + h12V2, here Vi = Vg — ZgIl
Io = hoily +hooVy, here Vo= 711

Hence, th — ZgII =h;1I1 + h12 Vo
= th = (hll + Zg) I; +his Vo
Vy, —hpV
= I1 _ Y9 12V2
hi1 + Z,
-V,
Also, I, = 7 =ho1I; + hyy Vo
L

-V V,—hiyV
N 2 _ 21{9 12V2

+ hooV
Z, hn+zg] 2re

From the above equation, we find that

\P) _ —hy1 7y,

79 (h11Zy) (1 +haZ;) — hiohy 77,
—100 x 50 x 103

T (2x 10341 x103) (1 +10 5 x 50 x 103) — (10 % x 100 x 50 x 103)

=—-1250
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VI 7.25
The following dc measurements were done on the resistive network shown in Fig. 7.42(a).

Measurement 1 Measurement 2

Vi=20V Vi=35V
I, =08A I=1A
Vy=0V Vy=15V

I, = —04A I,=0A

Find the value of R,, for maximum power transfer.

7,=20Q L
8 —
MVWW—O0
+
Two port
50V + v resistive
Ve= _ 1 network
Figure 7.42(a)

SOLUTION
For the two-port network shown in Fig. 7.41, we can write:

Vi=hnul; + h;pVy
Io =hoI; + hyVo

From measurement 1:

2
hy = 1 _ 20 _ 5
I |y,_o 0.8
I —0.4
hyy = =2 =—— =05
Lily,.o 038
From measurement 2:
Vi=huli +h;2Vy
= 35=25x1+hjy x 15
10
his=— =0.
= 12 15 0.67
Then, Io = ho1I; + hy Vo
= 0=ho; x1+hy x15
—h 0.5
hyy = —2 = =2 =0.033 9
15 15
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For example (7.22),

V, — Vyhay
=
hiohy; — hithyy — Zjhao
B 50 % (—0.5)
T 0.67 x (—0.5) — 25 x 0.033 — 20 x 0.033
—25
= — =13.74 Vol
1% 3.74 Volts
7 hy + Zg
"7 hythgy — hyghy + hoyZ,
B 25 + 20
T 25 % 0.033 — 0.67 x (—0.5) + 0.033 x 20
= 4—5 =24.72Q
1.82

For maximum power transfer, Z;, = Z; = 24.72 (2 (Please note that, Z7, is purely resistive).
The Thevenin equivalent circuit as seen from the output terminals along with Z, is shown in
Fig. 7.42(b).
Z,=2472Q
Puax = If x 24.72

B 13.74 2 U
T 2472 +24.72 ’ V=13.74V <+> ! 7, =2472Q
—_ t
(13.74)?

= ———"— =1.9 Watts
4 x24.72

Figure 7.42(b)

VL=, 7.26
Determine the hybird parameters for the network shown in Fig. 7.43.

ol
P
—
<
1 L
—l> R1 <i
o AAANA || o
+ |1| +
joC
Vi § R, Vv,
C O
Figure 7.43
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SOLUTION

To find hi; and ha;, short-circuit the output terminals so that Vo, = 0. Also connect a current

source I to the input port as shown in Fig. 7.44(a).

ol,
=
L I,
—_— R, -
———O— VWV 1 o—
+ I +
Il+12l _1
joc

1

Figure 7.44(a)
Applying KVL to the mesh on the right side, we get

1
Roli + L]+ —= [al1 + 2] =0

jwC
o 1
[ - I —
= [Rz-l- 'wC} 11+[RQ+ 'wC’] 2=0
= [ + jwR2C] Ty = — [1 + jwC Ry Iy
— a4+ jwRC]
I, — ¢ T Jwiat )y
~ 7 1+ jwRyC
I
Hence, hyy = -2
I V=0
_ |« + jwCRa
|14 jwReC

Applying KVL to the mesh on the left side, we get

Vi =RiLi + Ry [I) + I]
=[R1 + Ro]I; + RoIy

R ((1 + ijRQ)
[ 1+ f2 11 jwiaC 1
A%
Hence, h;; = -1
L Vo=0
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Ry (o + jwReC)

=Ry + Ry —

L 1+ jwRyC
B Ri+ Ry (1 — Oé) + jwR1 RoC
N 14 jwRyC

To find hos and hio, open-circuit the input terminals so that I; = 0. Also connect a voltage
source Vg to the output port as shown in Fig. 7.44(b). The dependent current source is open,
because I = 0.

Vi = LR, —o O—I
Vo 1= R )
=1 =AY | >
+ 1

+

+
-0 Vl R2 B v,

Vo _ JwCV, —
1 14 jwCRy -
jwC Figure 7.44(b)

Hence, hi,= —

<

| &
Q
&

[

[

7.6 Transmission parameters
The transmission parameters are defined by the equations:

Vi =AV,; - BI,
I, =CV; - DI,

Linear
two - port v,
network

Figure 7.45 Terminal variables used to define the ABCD Parameters
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Putting the above equations in matrix form we get
Vi| [A B Va
I, | |C D -I,

Please note that in computing the transmission parameters, —I is used rather than Iy, because
the current is considered to be leaving the network as shown in Fig. 7.45.

These parameters are very useful in the analysis of circuits in cascade like transmission lines
and cables. For this reason they are called Transmission Parameters. They are also known as
ABCD parameters. The parameters are determined via the following equations:

V1 Il Il

_W B = C= D=

A= — -
\& I,=0 —I Va=0 Vs I,=0 —I V=0

A, B, C and D represent the open-circuit voltage ratio, the negative short-circuit transfer
impedance, the open-circuit transfer admittance, and the negative short-circuit current ratio,
respectively. When the two-port network does not contain dependent sources, the following rela-
tion holds good.

AD - BC=1

VIR, 7.27
Determine the transmission parameters in the s domain for the network shown in Fig. 7.46.

I
1, 1Q 1Q<IL

MWW—T— VWV

+0
+0

o) |
o

Figure 7.46

SOLUTION
The s domain equivalent circuit with the assumption that all the initial conditions are zero is
shown in Fig. 7.47(a).

I, 1Q 1 L
(e} AYAYAAY AYAAY
+ +
Vv, = v,
C o}
Figure 7.47(a)
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To find the parameters A and C, open-circuit the output port and connect a voltage source V1
at the input port. The same is shown in Fig. 7.47(b).

L L,=0
I VvV, sVy —» 1 1 42_
= = — o —"VWW\— 1 WW——0
! 1+ l s+1 + +
s
1 v(? 41
Then V, = ;Il 1\ -5 v,
N - 1 SV1 - V1 - -
2_ss—|—1_€+1 o
A%
= A= =s+1
Vs I>=0
1
AISO, VQ = —11
S
I
= Cc= > =s
Va0 Vv,
To find the parameters B and D, short-circuit

the output port and connect a voltage source Vi to

the input port as shown in Fig. 7.47(c). Figure 7.47(c)
The total impedance as seen by the source V7 is
1
-x1
Z=1+7
-+1
s
14 1 s+2
N s+1  s+1
Vi Vi(s+1)
Li=—=—-+= 7.44
Tz (s +2) (7.44)
Using the principle of current division, we have
1
n()
s 1
-1, = = (7.45)
1
S s+1
s
I
Hence, D= - =s+1
I ly,=0
From equation (7.44) and (7.45), we can write
Vi (S + 1)
—IL(s+1)=——=
2(s +1) (s +2)
-V
Hence, B= ! =542
I V3=0
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Verification
We know that for a two port network without any dependent sources,

AD-BC=1
(s+1)(s+1)—s(s+2)=1

SNV, 7.28
Determine the ABCD parameters for the two port network shown in Fig. 7.48.

Figure 7.48

SOLUTION
To find the parameters A and C, open-circuit the output port as shown in Fig. 7.49(a) and connect
a voltage source V7 to the input port.

Applying KVL to the output mesh, we get

~Vo+ml; +0x Ro+11RA =0 — 2 AAAA AN A <><—o
+ +

= V2:Il(m—|—RA)

H c-n 1 v <+> § R
ence, = — = 1 B
| Valmo m+Ra T "

Applying KVL to the input mesh, we get —o 0
Vi =1, (R4 + Rp) Figure 7.49(a)
\% R R
Hence, A=1 = At B
Vs L,=0 m+ Ry

To find the parameters B and D, short-ciruit the output port and connect a voltage source V
to the input port as shown in Fig. 7.49(b).
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—_— ———
+
V] Ry V,=0
C:
Figure 7.49(b)
Applying KVL to the right-mesh, we get
ml; + Rcls + Rp (Il + IQ) =0
= (m+Rp)Ii=—(Rc+Rp)I
—(Rc + Rp)
= L =————-1
YT T+ Ry 2
I
Hence, D=L = —(RC + i)
—I Vy=0 (m + RB)
Applying KVL to the left-mesh, we get
~Vi+RsaLi+Rp(I1 +13) =0
= Vi=(Rs+ Rp)11 + Rgl
—(Rc + Rp)
=(Ra+R —— Iy | + Rpl
( A B) |: (m n RB) 2 B2
o RcRp+ RcRp+ RgR4 —mRp I
N m+ Rp 2
\%
Hence, B= —
—1Iy Va=0
_ RcRs+ RoRp+ RpRp —mRp
N m+ Rp

EXAMPLE %%

The following direct-current measurements were done on a two port network:

Port 1 open  Port 1 Short-circuited
V1 =1mV 11 =—-0.5 ,LI,A
V2=10V IQZ8O,LLA
IQZQOO,LLA V2=5V

Calculate the transmission parameters for the two port network.
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SOLUTION
For the two port network, we can write

V;=AV; - Bl
I, =CV,; - DI,
From I; =0 (port 1 open): 1x 1072 =A x 10 — B x 200 x 10~°
From V1 =0 (Port 1 short): 0=Ax5-—Bx8) x 107"

Solving simultaneously yields,

A=-4x10"*B=-250
From I; = 0: 0=C x 10— D x (200 x 107%)
From V; = 0: —05x10%=Cx5-Dx80 x107°

Solving simultaneously yields,

C=-5x10"7S, D=-0.025

In summary, A=—-4x10""
B = -25Q
C=-5x10"S
D = -0.025

EXAMPLE IS
Find the transmission parameters for the network shown in Fig. 7.50.

I 1
Iy 15kQ 2
C——VWW\— o
+ +
+
vV, 107V, _> $> 401, §40k9 v,
o o

Figure 7.50

SOLUTION
To find the parameters A and C, open the output port and connect a voltage source V to the input
port as shown in Fig. 7.51(a).
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v, <J_'> v, 103, {* < 401, §40k9 v,

—o0
Figure 7.51(a)
Applying KVL to the input loop, we get
Vi =1.5x 10°T; + 10V,
Also KCL at node a gives
Vs
01 + ———— =
NTISSTIE
-V, 6
LI =————==-62 1
= 1 160 < 103 6.25 x 107 °Vy
Substituting the value of I; in the preceeding loop equation, we get
Vi=15x10° (—6.25 x 107 V) +10°V,
= Vi =-9.375x 10 *V, + 10V,
= —8.375 x 10 °Vy
Hence, A= — = —-8.375x 10
Va 1,=0
Also, C=— = —-6.25x 10
Vs I,=0
To find the parameters B and D, refer the circuit shown in Fig. 7.51(b).
I
I 2
A3 —
+ +
+ A
Vv, () 103V, ) <¢ 401, 40kQ V,=0

Figure 7.51(b)

501



Applying KCL at node b, we find

40I + 0 =1,
= I, =401,
-1 -1
Hence, D= _—t = —

I, vo—o 40
Applying KVL to the input loop, we get

V; =15 x 10°L;
I
= Vi=15x10% x =
1 X X 40
Vi

—I V=0

—-1.5 3
= 1
10 x 10

= —-37.5Q

Hence, B=

EXAMPLE S

Find the Thevenin equivalent circuit as seen from the output port using the transmission parame-

ters for the network shown in Fig. 7.52.

L,=0
———
——0
+
Two - port
network
Va
A,B,C,D
| -
Figure 7.52
SOLUTION
For the two-port network, we can write
Vi =AV,; - Bl (7.46)
I, =CV; - DI, (7.47)
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e
——0
+
Two - port
network
V,=V,
A,B,C,D
| _
Figure 7.53(a)
Refer the network shown in Fig. 7.53(a) to find V.
At the input port,
Vo—T11Z,=V, (7.48)
Also, Ib=0 (7.49)
Making use of equations (7.48) and (7.49) in equations (7.46) and (7.47) we get,
Vo —11Zy= AV, (7.50)
and I, =CV, (7.51)

Making use of equation (7.51) in (7.50), we get

V, — CV3Z, = AV,
%

Vo, = -9

= 2 t A—i—CZg

To find R, deactivate the voltage source V,, and then connect a voltage source Vo = 1 V at
the output port. The resulting circuit diagram is shown in Fig. 7.53(b).

Zy I I
| —» )
O— C
* Two - port +
network
V =i

+
\2 V,=1V
A,B,C,D

—.0 |

Ol

Figure 7.53(b)

503



Referring Fig. 7.53(b), we can write
Vi =-1,7,
Substituting the value of V in equation (7.46), we get

~1,7Z,= AV, — Bl
—A B

= I, =—V —1 7.52
1 7, 2+ 7, 2 (7.52)

Equating equations (7.47) and (7.52) results

—A B
CV; -DI, =—V —I
2 2 Z, 2+ Z, 2
—A B Zi
Vy |C+ —| = —
2[ +Zg} [D+ZQ}I2 2
B
D+ — V;
Vo + Zg !
Hence Ty =— = - )
I, A
C+ —
Z, _
B B+DZ, Figure 7.54
A+ CZ,

Hence, the Thevenin equivalent circuit as seen from the output port is as shown in Fig. 7.54.

DOV /.32
For the network shown in Fig. 7.55(a), find R}, for maximum power transfer and the maximum

power transferred.

I
4—2 2
O
+
A=4
20Q2
B=20Q
V2 RL
C=0.4S
100V
D=3
5I
1 2
Figure 7.55(a)
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SOLUTION
From the previous example 7.31,

~B+DZ, 20+3x20 20460
CA+CZ; 4+04x20  4+38
Vg 100 100

= = = =8.33V
A+CZ, 4+04x20 12

= 6.67%2

t

174

For maximum power transfer,

Ry, = Z; = 6.67%) (purely resistive)
Hence, the Thevenin equivalent circuit as seen from
output terminals along with Ry is as shown in
Fig. 7.55(b).

8.33
L =—"
6.67 + 6.67
(Pr)max = I2 % 6.67
= (0.624)* x 6.67
= 2.6Watts

= 0.624A

Figure 7.55(b)

SNV 7.33
Refer the bridge circuit shown in Fig. 7.56. Find the transmission parameters.

3Q
VWV
A 30 e |2
c AAAA% AAAY o]
+ +
\A 3Q v,
C O
Figure 7.56

SOLUTION
Performing A to Y transformation, as shown in Fig. 7.57(a) the network reduces to the form as
shown in Fig. 7.57(b). Please note that, when all resistors are of equal value,

1
Ry = §RA
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I, Tt I
—_— 3Q ! 3Q 2
c AAYAAY AAAAY ‘o)
+ 1 2 +
\2 3Q v,
(e} O
Figure 7.57(a)
I 1Q 1Q I,
c AAAY AAAY o)
+ +
1Q
\A \Z
3Q
C O
Figure 7.57(b)

To find the parameters A and D, open the output port and connect a voltage source V' at the
input port as shown is Fig. 7.57(c).

Applying KVL to the input loop we get

I, +41I; = V4
L 1Q Q@ L0
= V;=5I ——C—\VVW\ AYAYA'A% O
\Y% I 1 " "
AISO, Il = —2 = C = —1 = —S +
4 Vo I,=0 4 \A 4Q v,
5 —
Also, = V=51 =-V, - -
4 C O
Vv, )
H A= — = — .
ence, v, - 1 Figure 7.57(c)

To find the parameters B and D, refer the circuit shown in Fig. 7.57(d).

506



1y 1Q 19 2=
I x4 4I C
2T 4¥1 5! ’
1 v 4Q V,=0
Hence D=— = 5 1 P
I2 vo=0 4 _ —
Applying KVL to the input loop, we get -
Figure 7.57(d)
—V1—|—1X11—|—4>< (Il—l-Ig):O
5
Substituting I} = —ZIQ in the preceeding equation, we get
) 5
-V —-ILh+4|—-L+1L )| =
1= + ( 12 + 2) 0
5
= —V1—112—512+412:0
= 4V, = -9I,
\%
Hence, B= —L — g
“Ipl,,—o 4

Verification:
For a two port network which does not contain any dependent sources, we have

7.7 Relations between two-port parameters

If all the two-port parameters for a network exist, it is possible to relate one set of parameters to
another, since these parameters interrelate the variables V1,11, V, and I,. To begin with let us
first derive the relation between the z parameters and y parameters.

The matrix equation for the z parameters is

DRCEH
Vs Zo1 Z22 I
= V =zl (7.53)

Similarly, the equation for y parameters is

[11}:[}’11 Y12} [V1}
I, Y21 Y22 Vo

N I—yV (7.54)
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Substituting equation (7.54) into equation (7.53), we get

V =zyV
_1_ adj(y)
H = 1 e
ence, z=Y Ay
where Ay = Yi1Yoo = Y21 Y12

This means that we can obtain z matrix by inverting y matrix. It is quite possible that a
two-port network has a 'y matrix or a z matrix, but not both.

Next let us proceed to find z parameters in terms of ABCD parameters.

The ABCD parameters of a two-port network are defined by

V,=AV,; - BIl,
I, =CV;y; - DI,

N Vo — é (I, DL,)
= V, = éll + 212 (7.55)
V1:A<%+%> ~BL
= % + (AFD — B> I, (7.56)

Comparing equations (7.56) and (7.55) with

Vi=2z11li + z12I>
Vi =211 + 22215

respectively, we find that

A AD - BC 1 D
Z11 = — Zig = ——— Z9] = — Z99 = —
=3 12 C 217 & 2= 5
Next, let us derive the relation between hybrid parameters and z parameters.
Vi=znli +z121s (7.57)
Vi =211 + z221s (7.58)
From equation (7.58), we can write
- A%
L= 22y, 4 2 (7.59)
722 Z22

Substituting this value of I, in equation (7.57), we get
—z911 \%
2l V2 }
Z22 Z22
— A%
_ [211222 Z12221] 1, 4 22V2
Z22

Vi=znuli + 212 [

(7.59b)
722
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Comparing equations (7.59b) and (7.59a) with

Vi=huli +hipVy

I» = hyIi + hpVo
_ ZuZ — z12Zo1 _ Az

we get, hj=—"—"—"—"7">=-=
Z22 Zs
Z12 Z21 1
hjg = — hy = hgy = —
799 Z22 Z22
where Az = 211222 — 212221

Finally, let us derive the relationship between y parameters and ABCD parameters.

Ii=yuVi+y12Ve (7.60)
I, =y21Vi+y2nVs (7.61)

From equation (7.61), we can write

I
vV, = 2 Y2y,
Y21 Ya1
— 1
=2y, 1, (7.62)
yo1 Y21

Substituting equation (7.62) in equation (7.60), we get

_ —Y11Y22
ya1
—A
Yv, + Y11, (7.63)
Y21 Y21

I Vo +y12Vo + Eb
ya1

Comparing equations (7.62) and (7.63) with the following equations,

Vi, =AV,; - Bl
I, =CV;,;-DI,

- -1 —A —
we get A=_Y2 B=— c="2Y p="Yu

Y21 Y21 Ya1 Ya1
where Ay =yi11y22 — y12¥21

Table 7.1 lists all the conversion formulae that relate one set of two-port parameters to another.
Please note that Az, Ay, Ah, and AT, refer to the determinants of the matrices for z, y, hybrid,
and ABCD parameters respectively.
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Table 7.1 Parameter relationships

z y T h
Z1] Z yz2 o TYi2 é ﬂ & @ ]
. noe Ay Ay cC C hyy oy
7 z —Yy21 Y1 1 D —hoy 1
21 222 -— B el
Ay Ay C C hyy  hyy |
Z99 —Z12 D —AT L —hgg T
Az Az yi ¥z B B h;; hy
’ 1 21 yo1 Y22 —1 A @ ﬁ
Az Az B B h;;  hy
Zu Az vy -1 A B —Ah —hy
T Z21 221 y21 Y21 ho ho
1 =z -Ay -y —hyy -1
- 22 C D -1
Z21 221 ya1 ya1 ho ho
Az Z12 1 —Yi2 B AT
- . = - h;; hpo
h Z92 Z22 yi1 yi1 D D
—z 1 A 1 C
L Yz 2¥ R — hy; ho
Z22 Z22 Yi1 yi1 D D

Az = 711222 — 212221, Ay = y11y22 — Y12¥21, Ah = hi1hoy — highy, AT = AD — BC

EXAMPLE

Determine the y parameters for a two-port network if the z parameters are

SOLUTION

7.34

__ 1w
B 5 9
Az=10x9—-5x5=065
_Z22_9
Y= Az = 65
_ —z12 =5
YI2= Ay T 65
_ —zy:1 =5
YA = A, T 65
_zi1 10
Y22 = N, T 65
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VI 7.35

Following are the hybrid parameters for a network:

hi1 hpo - 5 2
hyy hy | [ 3 6

Determine the y parameters for the network.

SOLUTION

Reinforcement problems

R.P 7.1

Ah=5x6—-3x2=24

yu = h_11 = gS
—h22 —6
yi2 = hy 5
_hy 3
yo1 = h_ll =5
Ah 24
Y22 = h_11 = gs

The network of Fig. R.P. 7.1 contains both a dependent current source and a dependent voltage

source. Determine y and z parameters.

2V1 I2

a 1Q b ——
o AVAVAVAY, < & o
+ +
Vi ? 2V, 2Q V2
o o

SOLUTION

Figure R.P. 7.1

From the figure, the node equations are

At node a,

\%
In,b = - (12 - 72>
Vs

11:V1_2V2_<12_?>
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At node b,
\%
Vi=Vy—2V, — (IQ— —2>

Simplifying, the nodal equations, we get

3
I1+12=V1—§V2

3
I, =-3V; + §V2

In matrix form,

- 1 3
[ 11 } L | 2 [ Vi }
01 I, _3 3 Vo
L 2
r 3
N L] [t e v
i I | o | 01 3 3 Vo
- 2
4 3]
Therefore, Y= _3 §
2
3 -05 1
1|5 3 '
and y— -3 2 - 1 _é_l
3 4 3
R.P 7.2
Compute y parameters for the network shown in Fig. R.P. 7.2.
IF
!
; ]
I 5 Q Ip
1Q 2
Lo L AT =5,
Vi 1Q %Q 10 V2
- O O —
Figure R.P. 7.2
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SOLUTION
The circuit shall be transformed into s-domain and then we shall use the matrix partitioning
method to solve the problem. From Fig 7.2, Node equations in matrix form,

=2|[v,] [P :Q][V,

Il s+3 —s E
12 —s s—|—25—1 V2 = —E— V2

N _:___ - _____.:___ [ —_—
Ol =2 -1 1 5][V3] [MIN]| V5

I

| —— |

It’D :

Cr:+ g

w

cnl

+m

[\

—

|
O N U s

R.P 7.3

Determine for the circuit shown in Fig. R.P. 7.3(a): (a) Y1, Y2, Y3 and g, in terms of y parameters.

(b) Repeat the problem if the current source is connected across Y3 with the arrow pointing to the
left.

I 12
—_ | 2 -
+ C Y3 O +
Vi 7 Yy * guVi Y,
_ o o -

Figure R.P. 7.3(a)

SOLUTION
(a) Refering Fig. R.P. 7.3(a), the node equations are:
At node 1
I=Y1V{ + (V1 — Vg)Yg
= Vi (Y1 +7V3) - ¥3Y; (7.64)
At node 2

Ib=g¢,Vi+ VYo + (V2 - V)V3
= (gm - YES)VI + (YQ + YES)V2 (7.65)
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Then from equations (7.64) and (7.65),

yiu=Y1+Ys3 yi2=-Y3
Yo1=¢gm — Y3 yu=Y+Y3

Solving,

Ys=-y12; Yi=yu+yne
Yo =y +yi2; gm=Yy21—Yy12

(b) Making the changes as given in the problem, we get the circuit shown in Fig R.P. 7.3(b).

/\ngl
\\/‘
I 15}
—_— ) -
+ C Y3 O +
Vi h ) V2
-0 O -

Figure R.P. 7.3(b)

Node equations : At node 1
I =Y1Vi+ (V1 - V2)¥5 - g, V1
=Y1+Y3—9gn)V1—Y3Vs
At node 2,

I, = VoYs + (VQ - VI)YE’) +gm V1
= (.Qm - Y3)V1 + V2<Y2 + YE’))

From equations (7.66) and (7.67),

yu=Y1+Y3—gn; yi2=-Y3
Y21 =Ggm — Y3, yu=Y2+1Y;3

Solving,

Y3=—-y12; Yo=y2» -y
dm = Y21 — Y12
Yi=yu—Ys+gm

=Yi1t+Yyi2+y2 —yi2=y11 — Y21

(7.66)

(7.67)
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R.P 7.4

Complete the table given as part of Fig. R.P. 7.4. Also find the values for y parameters.

I Ip
—_— -——
linear
Vi passive
network
Figure R.P. 7.4
SOLUTION

From article 7.2,

|

\)

I |
L, |

Y11
Yya1

Substituting the values from rows 1 and 2,

-1
27
Post multiplying by [V]~1,

[Yﬂ
Y21

For row 3: [ I, }

For row 4:
F v, ]
| V2 |
For row 5:

V]

7 —_—
24 |~

Y12 }
Y22

[ o1
~ 014

[ 0.1
| 0.14

[ 0.1
| 0.14

Y1
Ya1

-1 7

27T 24

0.1 —-0.06
0.2

0.14

Y12
Y22

o

—0.06 |
0.2

—0.06 |

0.2

Il
I

200
0

Table
Slno Vi Vy I, I
1 50 100 —1 27
2 100 50 7 24
3 200 0 - -
4 - - 20 0
5 - - 10 30
Vi
Vo
50 100
100 50
50 100 ]
100 50
20
28
[ 20 ] [ 140.84
0 | | —98.59
[ 10 ] [ 133.8
| 30 | | 56.338
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R.P 7.5

Find the condition on a and b for reciprocity for the network shown in Fig. R.P. 7.5.

a V2

Figure R.P. 7.5

SOLUTION
The loop equations are

Vi —aVy= 3(11 + Ig)
Vo= (I — I3) — bI;
Is=Vy— (V] —aVy)
=(1+a)Va—V;
Substituting equation (7.70) in equations (7.68) and (7.69),

Vi —aVy =31 +3(1+a)Vy — 3V,
= 4V =(3+4a)Vy + 3L
Vo=I — [(1+a) Vs — Vq] — bLy
= —-Vi+2+a)Vy=-0I;+1

Putting equations (7.71) and (7.72) in matrix form and solving
Vil [ 4 -B+40)] '[ 3 0][L
Vy T -1 24a -b 1 I
_ i 24a 3+4a 3 0 I;
A 1 4 -b 1 I,
_ 1 M  3+4a I
T A|3-4b N I,

3+4a=3—4b

Therefore, a=—b

For reciprocity,

(7.68)
(7.69)

(7.70)

(7.71)

(7.72)
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R.P 7.6

For what value of a is the circuit reciprocal? Also find h parameters.

L 05V
1

o A
+

Figure R.P. 7.6
SOLUTION

The node equations are

Vi —-0.5V]y —1; =V,
Vo= (I +12)2 + aly

pofos o] 1
0 =2 2+a -1
_1f-20 1 1
AL 0 05| 2+a -1
2 2
| 24a 0.5 (A=-1)
> .
For reciprocity,
hijp = —hy;
24a
— =
2
= —4=24+a; a=2
Therefore
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R.P 7.7

Find y;2 and yo; for the network shown in Fig. R.P. 7.7 for n = 10. What is the value of n for the

network to be reciprocal?

1
—1> 5Q 50Q 42
+C NVVN—T VW o +
Vi 0.01v, "y ({ w0q V2
“o o -
Figure R.P. 7.7
SOLUTION
Equations for I; and I, are
V1 —0.01Vy
LH=—
5
=0.2V1 —0.002V,

Vs Vo —0.01Vy
L= 2 4 pI, 4 22 V2
2= 59 Tt 50

Substituting the value of I1 from equation (7.73) in equation (7.74), we get

Vy  Vo—0.01V,
T, = n(0.2Vy — 0.002Vy) + ~2 4 Y2~ 20 V2
2 =n(0.2V3 )+ op 20

Simplifying the above equation with n = 10,
I, =2V; 4+ 0.0498V,

(7.73)
(7.74)

(7.75)

(7.76)

From equation (7.73), y12 = —0.002
and from equation (7.75), yo1 = 0.2n
For reciprocity Yi2=Yy21
= —0.002 =0.2n
Hence, n = —0.01
R.P 7.8
Find T parameters (ABCD) for the two-port network shown in Fig. R.P. 7.8.
I 10Q AL I
—_— -
+C MV 3 O +
\Y 25Q 200 V2
— C O —
Figure R.P. 7.8
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SOLUTION
Network equations are

V; —10I; = Vo — 1.5V, (7.77)

V2 — 1.5V1 V2

I I — —2 = 7.7
! 25 tl=oy =0 (7.78)

Simplifying,

2.5V —10I; =V,
0.06V1 +1; =0.09Vy — I

In matrix form,
2.5 —10 Vi 1 0 Vo
0.06 1 I, | | 009 1 I
c_[ 25 —10]7[ 1 0]_[o0613 323
1006 1 0.09 1| | 0.0563 0.806
R.P 7.9

(a) Find T parameters for the active two port network shown in Fig. R.P. 7.9.

Therefore

(b) Find new T parameters if a 20 (2 resistor is connected across the output.

LT 50 1>

-
+ O—WW—TAWWW O+
8
\2 50Q * Vv,
0.08 %,
(e, O —
Figure R.P. 7.9
SOLUTION
(a) With V, = 1014,
0.08V, = 0.81;
Therefore, Vi —10I; = Vo — 5(Iy — 0.08V},)
=V, — 51, +4I; (7.79)
Vi —10I
I + I, — 0.8I; = lTl (7.80)
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Simplying the equations (7.79) and (7.80),we get

Vi —14I; = V5 — 5D,
and — V1 +20I1 = —50Iy

Therefore,

o[ 1 1] [1 5] _[ 333 13333
-1 20 0 50 | — | 0.167 9.7

(b) Treating 20 €2 across the output as a second T network for
which 200

1 0]
1
— 1

20

T =

Then new T-parameters,

1 0
T:[ 3.33 133.33} l 1 X ] :[ 10 133.33]

0.167 9.17 0.625 9.17
20

R.P 7.10
Obtain z parameters for the network shown in Fig. R.P. 7.10.

h 10Q

4—
+0— NVVV >0+
Vi Va
0.3V, 6Q
_C O _
Figure R.P. 7.10
SOLUTION
Atnode 1,
V= (Il — 0.3V2)10 + Vo
— 101, — 2V, (7.81)
At node 2,

\% 5
Vo = (IQ—?Q> 10+V1=1012+V1—§V2

8
= §V2 =V + 101, (7.82)
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Putting in matrix form,

P2 [vi]_[w o ][L
1 — Vo | | 0 =10 I,
Therefore,
-1
I 10 0 ] _[ 571 —4.28
I 0 —10 | | 2.143 2.143

R.P 711

Obtain z and y parameters for the network shown in Fig. R.P. 7.11.

+0
§N_.
+0

Figure R.P. 7.11

SOLUTION
For the meshes indicated, the equations in matrix form is

_ , :
42 20
S 1
Vi : I
2 1.2, 1
a2 |= s 2 s | 2 L
1
S O I oo- -
0 ' 2 || 13
-1 % :i+_
1 S
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By matrix partitioning,

s+ 2 2 7 ]
SR RES[[RY
2 s+4 3s+4 ) 2
L s 2s - B
r s+ 2 g 7 r 1 —_1
s s 2s 2
T2 s+4 __35—1-4] 11
L s 2s - L 2 4
[ s+ 2 2 7 [ 2s —s
. S s 3s+4 3s—|—4:|
- 2 s+4 -5 —8s
| s 2s | [ 3s+4 3s+4
[ 52+ 10s+8 s2+6s+8
s(3s+4) s(3s+4)
S| s2+6s+8 s24+8s+8
s(3s+4) s(3s+4)

R.P 7.12
Find z and y parameters at w = 10% rad/sec for the transistor high frequency equivalent circuit
shown in Fig. R.P. 7.12.

I, 1pF I
+O ” O +
SpF_Lt
Vi ook T *> 10kQ v,
0.01V,
e, O —

Figure R.P. 7.12

SOLUTION
In the circuit, V,, = V5. Therefore the node equations are

I = (107° 4+ j6 x 1074V — j107*V,
I, = —j107*V, +0.01V] + 10741 + j) V3
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Simplifying the above equations,

I; = 107*[(0.1 + j6) V1 — j1 V3]
I, = 1074[(100 + j1)Vq + (1 + 5) V3

1074

I 0.1+j6 —j1 \']
Therefore, [ Il ] = x 1074
2 100 — j1 1+ 41 V,
wCO; =108 x5x 1072 =5x10"*
wCy =108 x 10712 =107
A =1078[(0.1 4 j6)(1 + j) + (100 — j1)(j1)]
=10"% x 106.213 /92.64°
6 /89° —j1
Therefore, y= x 107%
| 100/-0.6° /2 /45°
V2 [45° J1
Then, z=y = x107*+ A
100 /—180.6° 6 /89° |
V2 /45° J1
= X
-8 o
100/_18060 6 {890 | 10 X 106213 /9264
[ 133.15 /—47.64°  94.16 /—2.64°
94.16 /86.8° 565 /—31.6°
I 7.13

Obtain T 4, Ty, T¢ for the network shown in Fig. R.P. 7.13 and obtain overall T.

B

Figure R.P. 7.13
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Using the equation for T-parameters for a T-network

Z1+ Zs > 2 Zs 1 Z2+ 7
ALt s g ; C=_— D="22
Zs Zz Zs’ Zs
- g 2
‘We have for A Ty=
1 1 Cc— 4 Z, —O
| : |
-9 54 =
6 6 '
F Tp= © °
or B, B 1 10
L6 6
[1 0
For C, Te=|1,
L 7
4.709 15.93
Overall T : T = [T4][T3][Tc] = [ 0.962 3.46 ]

This dervation is left as an exercise to the reader.
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Exercise Problems

E.P 7.1
Find the y parameters for the network shown in Fig. E.P. 7.1.

ai RB

Figure E.P. 7.1

a+ Rs+ Rp -1 —(a+ Ry) 1

Ans:  y1;1 = R.R, Y12 = R—B,Y21 = W,mz =R,
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E.P 7.2
Find the z parameters for the network shown in Fig. E.P. 7.2.

I I
= 10 19 -
O—WWV AAAA% O
+ +
v, 20 o v
o o
Figure E.P. 7.2
13 2 2
ns Z11 Pl Z12 P Z21 P Z22 7
E.P 7.3
Find the h parameters for the network shown in Fig. E.P. 7.3.
ml,
<>
L R, Cy L
c A 1 o
+ +
Vi §RB v,
o o
Figure E.P. 7.3
sCARARB+ Ra+ (1 —m)Rp sCaRB+m
Ans: hy; = , hgy =251 "
sCaRp +1 sCaRp +1
sCaRp sCx
hig = ————, hog = —————.
sCaRp+1 sCaRp+1
E.P 7.4
Find the y parameters for the network shown in Fig. E.P. 7.4.
1Q 2Q 1Q
VVWW—O
2Q 2Q
o, O
Figure E.P. 7.4

7 —2
A M = = —S, = = —S.
ns:  yii1 = Y22 15 Y12 =Yy21 15
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E.P 7.5
Find the y parameters for the network shown in Fig. E.P. 7.5. Give the result in s domain.

2F 2F
o o
1Q
(e, O
Figure E.P. 7.5
Ans: o 2s(2s+1) . —4s?
¢ Y11 = Y22 = 4s+1 Y12—Y21—48_|_1-
E.P 7.6
Obtain the y parameters for the network shown in Fig. E.P. 7.6.
L 69 20 _b
o AA%Y O
+ +
v, i 3Q 2i, A\

o!
O!

Figure E.P. 7.6

Ans: Y11 = 0.625 S, Y12 = —0.125 S, Y21 = 0.375 S, Y22 = 0.125 S.

E.P 7.7
Find the z parameters for the two-port network shown in Fig. E.P. 7.7. Keep the result in s domain.
I, IF g 1,
C—> I 2 (] ~— o
N I I N
\A 4Q 4Q Y,
- 89 -
S AAAY O
Figure E.P. 7.7
2s+1 2s+ 2
Ans:  z11 = P z12 = Z21 = 2, Z22 = —_
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E.P 7.8
Find the h parameters for the network shown in Fig. E.P. 7.8. Keep the result in s domain.

1H
— 0000 —
L 1Q L
O—. <
+ 2Q +
VVVN
1Q2
v, 1 v,
- T .
O O
Figure E.P. 7.8
5s+4 s+ 4 —(s+4) s
Ans: hyj; = ————, =—+——— hoyy=——2, = —.
n M TS r2) 2T 22y BT 2+2) BT 2(st2)
E.P 7.9
Find the transmission parameters for the network shown in Fig. E.P. 7.9. Keep the result in s
domain.
2Q
ANNVN—
I 19 1Q I
o—— VWW—TFT" WW———0
+ +
Vi — IF v,
G O
Figure E.P. 7.9
3 4 2 4 4 3 4
Ans: A—>st4 g_28+d o 48 o _3s¥d
s+4 s+4 s+4 s+4
E.P 7.10

For the same network described in Fig. E.P. 7.9, find the h parameters using the defining equations.
Then verify the result obtained using conversion formulas.

254+ 4 s+ 4 —(s+4) 4s
3s+4 12 =3 21 22

Ans: hiq =

3s+4 "’ 3s+4°

528



E.P 711

Select the values of R 4, Rp, and R¢ in the circuit shown in Fig. E.P. 7.11 so that A =1, B =34 (),
C=20mS and D =1.4.

I, R R I
— 4 B -
—AMW ANN—O
i
Vi Re V)
c o
Figure E.P. 7.11

Ans: RA = 109, RB = 209, RC = 50Q2.

E.P 7.12

Find the s domain expression for the h parameters of the circuit in E.P. 7.12.

O
Figure E.P. 7.12
2
ls _L Cs <S2 + ﬁ)
Ans: hy; = —C 1 hijz =hg; = LCl ) hay = 1
24 T 24 = 24 =
“*ic “*ic “*ic
E.P 7.13
Find the y parameters for the network shown in Fig. E.P. 7.13.
I 25Q I
C— VWV O
+ I +
—
Vi 100Q A, V,
(o, O

Figure E.P. 7.13

Ans: Yi1 = 0.048, Yi2 = —0.04S, Y21 = 0.04S, Y22 = —0.03S.
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E.P 7.14
Find the two-port parameters hio and y;2 for the network shown in Fig. E.P. 7.14.

0.3V
I 2 4Q I,
o F = UVAVAVA ‘o)
\ 021, 10KQ V,
c o

Figure E.P. 7.14

Ans: h12 = 1.2, Yi2 = 0.24S.

EP 7.15
Find the ABCD parameters for the 4€2 resistor of Fig. E.P. 7.15. Also show that the ABCD
parameters for a single 16§ resistor can be obtained by (ABCD)*.

I |
1 40 2
o———AMAM———0
+ +
Vl V2
0

Figure E.P. 7.15

Ans: Verify your answer using the relation between the parameters.

E.P 7.16
For the T-network shown in Fig. E.P. 7.16. show that AD — BC =1.

< +
o
o]
< +
(i8]

Figure E.P. 7.16

530



E.P 7.17
Find y»; for the network shown in Fig. E.P. 7.17.

2Q 2Q
C— VWV AA'A% O
1 2
4H 4H
1 2
O O
Figure EP. 7.17
—s
Ans: = .
y21 45+ 1
E.P 7.18
Determine the y-parameters for the network shown in Fig. E.P. 7.18.
L 1Q 1H 1Q L
I O—AAAA—T— T AM—0 2
v 1 v
A\ _I_ IF —IF v,
I'o 0?2
Figure E.P. 7.18
Ans: 884+ s?24+2541 ! 24524 2s+1
Pyl = s(s2 + 2) ) Y12—Y21—$(82+2)a y22 = s(s2 1 2)
E.P 7.19
Obtain the h-parameters for the network shown in Fig. 7.19.
I I
1 2Q 2Q 2Q 2
C—VWW AAAY AAAY O
+ +
A4 1Q 1Q v,
o
Figure E.P. 7.19
30 —1 1 4
Ans: hj; = —Q, hy; = —, his = —, hos = —0O
ns 1=t 21 = 77 12 = 77 227 7

= 7.20
The following equations are written for a two-port network. Find the transmission parameters for

the network. (Hint: use relation between y and T parameters).

I; =0.05V; — 04V, Io =-0.4V; 4+ 0.1V,
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E.P 7.21
Find the network shown in figure, determine the z and y parameters.

I 2V, 1
Iy 10 -—
(o
+
v 1Q
O

Figure E.P. 7.21

Ans:  yy11 =40%, y22 =43U, yiz =y21 = =30,

z11 = 192, Zog = 59, Z12 = Z21 = 182.
E.P 7.22
Determine the z, y and Transmission parameters of the network shown in Fig. 7.22.
51
L 10Q ! oo _b

Figure E.P. 7.22

3 1
A H = _U, = == _Uy == _Ue
ns:  yii 55 Y12 = ¥y21 55 y22 55
Z11 = 209, Z12 = Z21 = 50 7929 = 150
A =550 B = 550 C = 0.20, D =3.
EP 7.23
For the network shown in Fig. E.P. 7.23 determine z parameters.
L 5Q IH I,
| O AT VT ——0 2
\A 2H — IF A4

I'o 0?2

Figure E.P. 7.23

_ 2s(5s+1) o 2s , 283 +5524+3s5+5
T 25245541 T 25245541 27T 252415541

Ans: Z11 Z12 = Z21

* The unit U and S are same
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E.P 7.24

Determine the y parameters of the two-port network shown in Fig. E.P. 7.24.

Il. 2Q 2Q .12
C AYAYAVAY NMVW—0
+ T
3Q
Vl V2
2V,
c o
Figure E.P. 7.24
1 —1 -5 —4
Ans: = -0, = —0, = —0, = —0.
ns: yii 1 y21 1 Y12 1 y22 3

Outcomes:

1. To analyze circuit systems using concept of two port networks.

2. Apply the concept of z, y, h and transmission parameters cascade and cascode networks.

3. Be able to calculate y-parameters, z-parameters, hybrid parameters, and transmission parameters
of two-port networks, and perform transformations between the various representations.

4. Ability to analyze two-port networks finding the different parameters to model two-port networks.

5. Application of network parameters in the analysis of transistor circuits and the synthesis of ladder networks.

Resources:

1. http://en.wikipedia.org/wiki/Two-port_network

2. http://nptel.ac.in/courses/108102042/

3. http://jcatsc.com/media/ee541/LectureSupplements/01-LinearTwoPortNetworks.pdf
4. http://freevideolectures.com/Course/2336/Circuit-Theory/26
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