Module - 4
LAPLACE TRANSFORMATION &
APPLICATIONS

Objectives:

1. To study the concepts of step, ramp and impulse signals.
2. To study Laplace transforms technique.

3. To study Laplace transforms technique to circuits.

4. Tofind transfer function of a system response using Laplace transforms.

5.1 Introduction

In this chapter, we will introduce Laplace transform. This is an extremely important technique.
For a given set of initial conditions, it will give the total response of the circuit comprising of both
natural and forced responses in one operation. The idea of Laplace transform is analogous to any
familiar transform. For example, Logarithms are used to change a multiplication or division prob-
lem into a simpler addition or subtraction problem and Antilogs are used to carry out the inverse
process. This example points out the essential feature of a transform: They are designed to create
a new domain to make mathematical manipulations easier. After evaluating the unknown in the
new domain, we use inverse transform to get the evaluated unknown in the original domain. The
Laplace transform enables the circuit analyst to convert the set of integrodifferential equations
describing a circuit to the complex frequency domain, where thay become a set of linear alge-
braic equations. Then using algebraic manipulations, one may solve for the variables of interest.
Finally, one uses the inverse transform to get the variable of interest in time domain. Also, in
this chapter, we express the impedance in s domain or complex frequency domain. Hence, we
may analyze a circuit using one of the reduction techniques such as Thevenin theorem or source
transformation discussed in earlier chapters.

5.2 Definition of Laplace transorm

A transform is a change in the mathematical description of a physical variable to facilitate com-
putation. Keeping this definition in mind, Laplace transform of a function f(¢) is defined as

LI(1)} = F(s) = / F(t)e st 5.1)
0

Here the complex frequency is s = ¢ + jw. Since the argument of the exponent e in equation
(5.1) must be dimensionless, it follows that s has the dimensions of frequency and units of inverse
seconds (sec™1).
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The notation implies that once the integral has been evaluated, f(t), a time domain function
is transformed to F'(s), a frequency domain function.

If the lower limit of integration in equation (5.1) is —oo, then it is called the bilateral Laplace
transform. However for circuit applications, the lower limit is taken as zero and accordingly the
transform is unilateral in nature.

The lower limit of integration is sometimes chosen to be 0~ to permit f(¢) to include (¢) or
its derivatives. Thus we should note immediately that the integration from 0~ to 0% is zero except
when an impulse function or its derivatives are present at the origin.

Region of convergence

The Laplace transform of a signal f(¢) as seen from equation (5.1) is an integral operation. It
o0

exists if f(t)e™“t is absolutely integrable. That is /f(t)e_”tdt < o0. Cleary, only typical
0

choices of o will make the integral converge. The range of o that ensures the existence of X (s)
defines the region of convergence (ROC) of the Laplace transform. As an example, let us take
z(t) = 3,1 > 0. Then

o0

X(s) = / z(t)e” It gt

e(*0+3)t€fjwtdt

o — 3 °

The above integral converges if and only if —o + 3 < 0 or ¢ > 3. Thus, ¢ > 3 defines the
ROC of X (s). Since, we shall deal only with causal signals(t > 0) we avoid explicit mention of
ROC.

Due to the convergence factor, e~ “*, a number of important functions have Laplace trans-
forms, even though Fourier transforms for these functions do not exist. But this does not mean
that every mathematical function has Laplace transform. The reader should be aware that, for
example, a function of the form " does not have Laplace transform.

The inverse Laplace transform is defined by the relationship:

ot

o+4j00
;B‘I{F(s)}_f(t)_%j / F(s)e™ds (5.2)
g—joo

where ¢ is real. The evaluation of integral in equation (5.2) is based on complex variable theory,
and hence we will avoid its use by developing a set of Laplace transform pairs.

303



5.3 Three important singularity functions

The three important singularity functions employed in circuit analysis are:

(i) unit step function, w(t)
(ii) delta function, 6(t)

(iii) ramp function, r(t).

They are called singularity functions because they are either not finite or they do not possess

finite derivatives everywhere.
The mathematical definition of unit step function is

0, t<O0
u(t) = ’ 53
The step function is not defined at ¢ = 0. Thus,
the unit step function u(t) is O for negative values o
of t, and 1 for positive values of £. Often it is
advantageous to define the unit step function as =Q*
follows: !
=0"
uy={ b 120" ~ -
10, t<0T 0 o
A discontinuity may occur at time other than Figure 5.1 The unit step function
t = 0; for example, in sequential switching, the
unit step function that occurs at ¢ = a is expressed
as u(t — a).
u(t+a) u(t+a)
1
> 1 >/
- a 0 -da 0
Figure 5.2 The step function occuringatt = a  Figure 5.3 The step function occuring att = —a
0, t—a<0ort<a
Thus t—a)= ’
. u(t —a) {1, t—a>0o0rt>a
Similarly, the unit step function that occurs at t = —a is expressed as u(t + a).
0, t+a<0ort<—a
Thus (¢ = ’
s u(t +a) {1, t+a>0o0rt>—a
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We use step function to represent an abrupt change in voltage or current, like the changes that
occur in the circuits of control engineering and digital systems. For example, the voltage

0, t<a
v(t) = { K, t>a
may be expressed in terms of the unit step function as
v(t) = Ku(t — a) (5.4)

The derivative of the unit step function u(t) is the unit impulse function §(¢).

d 0, t<0
That is, o(t) = au(t) = ¢ undefined, t=0 (5.5)
0, t>0

The unit impulse function also known as dirac delta fucntion is shown in Fig. 5.4.
The unit impulse may be visualized as very short duration pulse of unit area. This may be
expressed mathematically as:

o+
/6(t)dt =1 (5.6)
o
where ¢t = 0~ denotes the time just before t = 0 and t = 0 denotes

the time just after ¢ = 0. Since the area under the unit impulse is unity,
it is a practice to write ‘1’ beside the arrow that is used to symbolize T(l)
>t

6]

the unit impulse function as shown in Fig. 5.4. When the impulse has
a strength other than unity, the area of the impulse function is equal
to its strength. For example, an impulse function 56(¢) has an area
of 5 units. Figure 5.5 shows impulse functions, 256(t + 2), 556(¢) and
—26(t — 3).

Figure 5.4 The circuit
impulse function

L 58()

28(1+2)

T T T T I I Ll
-2 2 -l 0 1 2 f 4
—28(1-3)

Figure 6.5 Three impulse functions
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An important property of the unit impulse function is what is often called the sifting property;
which is exhibited by the following integral:

t
/f(?")(S(f — to)dt — { f(t0)7 t <t <t
t1

0, t1 > tg > 12

for a fintie o and any f(¢) continuous at t.
Integrating the unit step function results in the unit ramp function ().

t
r(t) = / u(T)dr = tu(t) (5.7)
—0o0
or r(t):{(t): f_(())
Figure 5.6 shows the ramp function.
(1)
N
o
>t
0

Figure 5.6 The unit ramp function

In general, a ramp is a function that changes at a constant rate.

r(t+t
r(t=t,) (+1y)
D
(]
» S
Q
K
S /
T il T !
0 0 -1 0

Figure 5.7 The unit ramp function delayed by g Figure 5.8 The unit ramp function advanced by g

A delayed ramp function is shown in Fig. 5.7. Mathematically, it is described as follows:

0, t<to
t_t — b -
r(t—to) {t—tg, t> 1
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An advanced ramp function is shown in Fig. 5.8. Mathematically, it is described as follows:

. 0, t < —ty
r(tthO)—{ dto, 1> —t

It is very important to note that the three sigularity functions are related by differentiation as

_ du(t) _dr(t)
or by integration as
t ¢
u(t) = / o(t)ydt, r(t) = / u(T)dr

5.4 Functional transforms

A functional transform is simply the Laplace transform of a specified function of . Here we make
an assumption that f(¢) is zero for ¢ < 0.

5.4.1 Decaying exponential function

f(t) = e " u(t), where a > 0 and u(t) is the unit step function.

L{eu(t)} = F(s)

F(t)dt

e—m‘,e—stdt

0\8 0\8

_ g (s+a)t 0
(s+a) o
_ 1
s +a

5.4.2 Unit step function

1) = ult)
Llu(t)} = F(s) = / o stap = L

S
0
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5.4.3 Impulse function

ft)=6(t)
LL5(t)} = F(s) = /5(t)e_‘9tdt = e_s’tif:o =1
o

Please note that we have used the sifting property of an impulse function.

5.4.4 Sinusoidal function

f(t) =sinwt, t>0

1 . .
Since sinwt = — [ewt _ e—Jwt]
and Lle "} = 1
s+ a
o0
1 ) )
we have i{sinwt} =F(s) = o7 / (ejwt . e—Jwt) et dt
J

Table 5.1 gives a list of important Laplace transform pairs. It includes the functions of most
interest in an introductory course on circuit applications.

Table 5.1 Important transform pairs

F)(t>0) F(s)
5(t) 1
1
1(t -
u(t) ;
. 1
’ 52
efn,t 1

s+ a

. w

sin wt 22
S

cos wt SR
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FOE=0) )
n!
)
1
(s +a)?
w
(s +a)? + w?
sta
(s +a)? + w?

e~ % sin wt

e " coswt

All functions in the above table are represented without multiplied by u(t), since we have ex-
plicity declared that ¢ > 0.

5.5 Operational transforms (properties of Laplace transform)

Operational transforms indicate how mathematical operations performed on either f(t) or F(s)
are converted into the opposite domain. Following operations are of primary interest.
Note: The symbol = means “by the definition”.

5.5.1 Linearity

If L{f1(1)} = Fi(s) and L{f(t)} = Fa(s)
then §£{a1f1 (t) + (lzfg(t)} = (llFl(S) + (IQFQ(S)
Proof:

Larfi() + a0} 2 [lorfit) + arfafo)le e
0

=a1 | f1 (t)e_'gtdt + as fQ(t)e_"#‘dt
/ /

=a1 F} (9) + CLQFQ(S)

EXAMPLE Al
Find the Laplace transform of f(t) = (A 4+ Be™"*u(t)).

SOLUTION
We have the transform pair

and LlePut)} =

309



Thus, using linearity property,

L{ft)} = F(s) = L{Au(t)} + é@{Be_btu(t)}
A B

~+
s s+b
_(A+B)s+ Ab
N s(s+bd)

5.5.2 Time shifting
If £{z(t)} = X (s), then for any real number t,
Lla(t —to)u(t —to)} = e 5 X ()

Proof:
Lot~ to)ult ~ 1)} 2 [ (t — to)ult — to)e"d
0
i 1, t—tg>0o0rt>tg
Since, u(t —tp) = { 0. t—ty<0 ort<t
o0
we get, Lha(t — to)ult —to)} = / w(t — to)e="tdt
to

Using the transformation of variable,

t=71+1
we getv Q{T(f — t())’u,(t — f())} = /m(T)e_‘g(T+t0)dT
0
= e_tos/m(T)e_STdT
0
= e "5 X ()

EXAMPLE ¥4
Find the Laplace transform of z(t), shown in Fig. 5.9.

!

Figure 5.9
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SOLUTION

x,(1)
1
1 i I I —1
0 1 2 3 4 5
Figure 5.10(a)
xz(l)
——t— ——
0 1 2 3 4 5
-1

Figure 5.10(b)

Using Figs. 5.10(a) and 5.10(b), we can write

z(t) =21(t) + z2(t) = u(t — 2) —u(t —4)

1
We know that, {u(t)} = — and using time shifting property, we have
s

Lla(t)} = X(s) = %efzs gy

S

= X(s) = (e —e ™)

5.5.3 Shifting in s domain (Frequency-domain shifting)

If €{z(t)} = X(s), then
Lle*tz(t)} = X (s — sp)

Proof:

Llestz(t)y £ [ elr(t)e ™ dt

z(t)e= 50t gy

0\8 0\8

= X(s—sp)
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EXAMPLE N
Find the Laplace transform of z(t) = Ae ™ cos(wot + 0)u(t).

SOLUTION

Given z(t) = Ae™ " cos(wot + 0)u(t)
= Ae " [cos wyt cos § — sin wot sin Olu(t)

= Acosfe " coswotu(t) — Asinfe " sin wotu(t)

We know the transform pairs,

{coswotu(t)} = ———
{coswotu(t)} g
. wo
d &£ tu(t)} = ——
an {sinwotu(t)} g
Applying frequency shifting property, we get
é@{e_"’t cos wgtu(t)} -
82 —I_ wg s—Ss+a
. sta
(st a)?+wg
d L{e tsinwotu(t)) = -2
o (st} = ]
wo

(s +a)? + w?
Finally, applying linearity property, we get

L{Ae " cos(wot + O)u(t)} = Acosd L{e ™ coswotu(t)} — Asin L{e” " sin wotu(t)}
AcosO(s+ a) )
_ 2P Aging— 0
(s +a)?+ wg st (s +a)?+ w%
~ A[(s+a)cosf —wgsin 6]
B (s +a)? + wj

5.5.4 Time scaling

If €{z(t)} = X(s), then
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Proof:

put

Hence

EXAMPLE ¥l

o0

L{x(at)} é/;z:(at)e“dt
at = 3’
adt =dr
Lz(at)} = /.T:(T)P_ga—d’r
0

Find the Laplace transform of z(t) = sin(2wgt)u(t).

SOLUTION

‘We know the transform pair,

Applying scaling property,

5.5.5 Time differentiation

If L{z(t)} = X(s), then

Proof:

Let

Then

Pfsin wotu(t)) = —0
{sinwotu(t)} PR
. 1 wo
L{sin 2wptu(t)} = 5l —
(5) +ed
. 2(.00
82 4 4w?

dt
() = 2
L0} =V () 2 [ ylo)e i
0
o oodr[’.(f) —st
_ / )
0

313



Integrating by parts yields

=0—2z(0) +sX(s)

Hence, & { dz—(:)} =Y (s) = sX(s) — 2(0)

Therefore, differentiation in time domain is equivalent to multiplication by s in the s domain.
Whenever z(t) is discontinuous at t = 0 (like a step function), then z(0) should be read as

z(07).

The differentiation property can be extended to yield

£{ 0N _ ) - 1ot a0

When z(t) is discontinuous at the origin, the argument 0 on the right side of the above equation
should be read as 0~. Accordingly for a discontinuous function z(t) at the origin, we get

é@{dr;zit)} =s"X(s)— " 'z(0)---— 2" 1(07)

EXAMPLE K9

Find the Laplace transform of z(#) = sin? wotu(t).

SOLUTION
We find that, z(0) = 0

dx(t) .
ke 2wy sin wot cos wotu(t)
= wy sin 2wotu(t) (5.8)
. wo
We k that, L{s tu(t)} = ———=
e know tha {sinwotu(t)} P
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Applying time scaling property,

P{sin 2wptu(t)} = % %
(5) +et
. 2(.«)0
52 4+ 2(wp)?

Taking Laplace transform on both the sides of equation (5.8), we get

& { da (t) } = wo L{sinwotu(t)}

dt
2032
= X(s) — =——-70 _
sX(s) — z(0) 2 2u0)?
2 2
= X(s) = o

s[s2 4+ (2wp)?]
DAV 5.6

Solve the second order linear differential equation

y' (1) + 5y (8) + 6y(t) = (1)
with the initial conditions, y(0) = 2, ¥'(0) = 1 and z(t) = e~ "u(t).

SOLUTION

Taking Laplace transform on both the sides of the given differential equation, we get

[2Y (5) — sy(0) — y/(0)] +5 [sY () — y(0)| + 6V (s) = X (s)

1

where X (s) = L{e tu(t)) = Pt

Substituting the initial conditions, we get

1

2

; 5. (8 §) = —— + 2¢ 11
(s“+5s+6)Y(s) S+1+ s+

22 +13s+ 12

= Yo = G196 +3)

Using partial fraction expansion, we get

Y(S)—%Lil} +6[si2} _g[ﬁ]

Taking inverse Laplace transform, we get

1 9
y(t) = ie_t +6e 2t — 56_3t’ t>0
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5.5.6 Integration in time domain

For a causal signal z(t),

If y(t) = [ z(r)dr,
/
then Llyt)) =Y (s) = ths)
Proof:
Lx(t)} = X (s) £ '/m(t)e_Stdt
0

Dividing both sides by s yields

Xls) _ / ()t

S S
0

Integrating the right-hand side by parts, we get

&: e—ts : 0 B ® , e—ts Y
2= u| O/ym — ()t

X6 _ o T T et
=0 | 0/ y(t)e s

The first term on the right-hand side evaluates to zero at both limits, because

Hence, Y(s)=

Thus, integration in time domain is equivalent to division by s in the s domain.

EXAMPLE Wi

Consider the RC circuit shown in Fig. 5.11. The input is the rectangular pulse shown in Fig. 5.12.
Find i(t) by assuming circuit is initially relaxed.
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c
[l v
I

+ o
v(1) @ S R -
- I
0 a b
Figure 5.11 Figure 5.12

SOLUTION
Applying KVL to the circuit represented by Fig. 5.11, we get

Ri(t) + é/i(T)dT =w(t)

0
t

= Ri(t) + % /i(T)dT = V,[u(t —a) — u(t — b)]
0

Taking Laplace transforms on both the sides, we get

1 VO —as —bs
RI(s) + al(s) = ?(e e )
Vo
= I(S) — R i (efa,s o efbs)
s+ %
We know the transform pair,
Lle™u(t)} = !
i N s+a

and then using the time-shift property, we can find inverse of I(s).

Vo
That is, i(t) = Eefﬁu(t)

Vo __t_
— —e ERCu(t ‘
t—i—a R ( ) t—t—b

_ (t—a)

= i(t):%[e R u(t —a) —e” me u(t —b)]

5.5.7 Differentiation in the s domain
For a signal z(t), t > 0, we have

dX(s)
ds

L{—tz(t)} =
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Proof:
For a causal signal, (), the Laplace transform is given by

Llz(t)} = X(s) = /:U(t)esf’dt
0

Differentiating both the sides with respect to s, we get

o0
dzf):x/m@ﬂ—m_“Mt
0
dX(s) [
= (5) _ / [—tx(t)]e S dt
ds
0
dX(: —dX(:
Hence, L{—tz(t)} = () or Ltz(t)} = (5)
ds ds
"X
In general, L x(t)} = (—1)"’d—n(s)
s™
EXAMPLE XS
Find the Laplace transform of 1 (¢) = te 3 u(t).
SOLUTION
‘We know that,
Lle™u(t)} = !
) ' s+a
1
Hence LlePtu(t)} = i

Using the differentiation in s domain property,

ﬂmm:%MZj{l}

ds |s+3
_ 1
(s +3)?
5.5.8 Convolution
If Llz(t)} = X(s)
and L{h(t)} = H(s)
then L{z(t) x h(t)} = X (s)H(s)

where * indicates the convolution operator.
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Proof:

o0

z(t) x h(t) = / z(T)h(t — 7)dr

—00

Since z(t) and h(t) are causal signals, the convolution in this case reduces to
z(t) x h(t) = /.ZC(T)h(t —7)dr
0

Hence, Lla(t) «h(t)} =

/m(T)h(t —7)dr| e *dt
0

Interchanging the order of integrals, we get

(e} o¢]

Llzt)*h(t)} = /m(T) /h(t —7)e *dt| dr

0 0

Using the change of variable A\ = ¢ — 7 in the inner integral, we get

Llax(t) « h(t)} = / z(r)e " / h(N)e ™ d\| dr
0 0

= X(s)H(s)

Please note that this theorem reduces the complexity of evaluating the convolution integral to
a simple multiplication.

EXAMPLE ERY
Find the convolution of h(t) = e~ and f(t) = e~ 2"

SOLUTION

h(t)* f(t) =L " {H(s)F(s)}

:£1{<. il) <?l2>}

S
_ 1 -1
—g!
{s+1+s+2}

—et—e 2, t>0
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GV 5.10

Find the convolution of two indentical rectangular pulses. Each rectangular pulse has unit ampli-

tude and duration equal to 27" seconds. Also, the pulse is centered at t = T'.

SOLUTION
Let the pulse be as shown in Fig. 5.13.
From the Fig. 5.13, we can write *(Y)
2(t) = u(t) — u(t — 27) !
Taking Laplace transform, we get 0 T T
1 1
X — - _ —2T's )
(s) s se Figure 5.13
1 —2T
= — 1 — e S
(1)
Let y(t) = z(t) * z(t)

Then, Y(s) = X?(s)

1 — ¢ 2Ts 2
-|=—

1 2 1
= Y(.s) — E _ 5672']13 + 5674713

Taking inverse Laplace transform, we get

Y(@)=x(1) #x(1)

y(t) =tu(t) — 2(t — 2T)u(t — 2T) + (t — AT)u(t — 47)
=7r(t) —2r(t —2T) 4+ r(t — 4T)

y(t) = x(t) *z(t) A A

5.5.9 Initial-value theorem Figure 5.14
The initial-value theorem allows us to find the initial value z(0)
directly from its Laplace transform X (s).
If () is a causal signal,
then, z(0) = lim sX(s) (5.9)
S—00
Proof:
To prove this theorem, we use the time differentiation property.
d rd
(T 4y
& { %} = sX(s) — 2(0) = d—:e*sfdt (5.10)
0

* The problems with * are better understood after the inverse Laplace transforms are studied.
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If we let s — o0, then the integral on the right side of equation (5.10) vanishes due to damping
factor, e —**.

Thus, lim [sX (s) —z(0)] =0
5—00
= z(0) = lim sX(s)
S—0Q

AWV 5.11
Find the initial value of

SOLUTION

f(0) = lim sX(s) = lim s [ s+ 1 }

(s+1)2+ 32
I 52 + s
ei»n:}o (S + 1)2 + 32
1

52 [1 + —}

— lim 5 s T
S— 00
s? [1 + =+ —2}
s s

We know the transform pair:

s+b
(s +b)2+ a?
Hence, inverse Laplace transform of F'(s) yields

f(t) = e tcos3t

Lle P cosat}) =

Att =0, we get f(0) = 1.
This verifies the theorem.

5.5.10 Final-value theorem

The final-value theorem allows us to find the final value z(co) directly from its Laplace transform
X(s).
If 2(t) is a causal signal,

then lim z(t) = lim s X (s)
t—00 s—0
Proof:
dz(t
The Laplace transform of 25 ) is given by
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Taking the limit s — 0 on both the sides, we get

= a(t)lg"

= z(c0) — z(0)
Since, lim[sX (s) — z(0)] = hm [sX(s | — z(0)

s—0

)
we get, z(o0) — z(0) = hm[sX(s) —z(0)]
Hence, z(o0) = hm [sX(s)]

This proves the final value theorem.

The final value theorem may be applied if, and only if, all the poles* of X (s) have a real part
that is negative.

The final value theorem is very useful since we can find z(c0) from X (s). However, one
must be careful in using final value theorem since the function z(t) may not have a final value

a
as t — oo. For example, consider z(t) = sinat having X (s) = e Now we know
s2+a

flim sin at does not exit. However, if we uncarefully use the final value theorem in this case, we
L— 00

would obtain:

9 a
M o X(8) = e e~ 0

Note that the actual function z(t) does not have a limiting value as ¢ — oo. The final value
theorem has failed because the poles of X (s) lie on the jw axis. Therefore, we conclude that for
final value theorem to give a valid result, poles of X (s) should not lie to right side of the s-plane
or on the jw axis.

VYN 5.12
Find the final value of

10
X(s) = —Tw 10
(s+1)2+10
X . . P(s) . .
Consider a function, X (s) = w The roots of the denomoniator polymial, Q(s) are called poles (X) and the

roots of the numerator polynomial, P(s) are called zeros (O).
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SOLUTION

lim z(t) = z(c0)

t—o00
s10
=lim[sX(s)] =lim —————= =
lim[sX(s)] = It e 102
We know the Laplace transform pair
@ lesinbt] = — 2
(s +a)? + b2
Hence, o(t) =L X (s)}
1 10 t
= £ {m} =e¢e "sin10t

Thus, z(c0) =0

This verifies the result obtained from final-value theorem.

5.5.11 Time periodicity X
Let us consider a function z(t) that is periodic as la
shown in Fig. 5.15. The function z(t) can be
represented as the sum of time-shifted functions ‘ : : -
as shown in Fig. 5.16. 0 T 2T 3T
xz([) E
v >t
0 T 2T 3T
x(1) |
x3(1) '
1 Y I 1 1 } /\1 !
0 T 2T 3T 0 T 2T 3T
Figure 5.15 A periodic function Figure 5.16 Decomposition of periodic function
Hence, z(t) =z (t) + z2(t) + 23(t) + - -
=zi(t) + 2 (t = T)u(t —T) + 21 (t — 2T)u(t — 2T) + - -- (5.11)

where z1(t) is the waveform described over the first period of z(t). That is, 2 (t) is the same as
the function z(t) gated* over the interval 0 < ¢ < 7.

* gating means the function :(t) is multiplied by 1 over the interval 0 < ¢ < T and elsewhere by 0.
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Taking the Laplace transform on both sides of equation (5.11) with the time-shift property
applied, we get

X(s) = X1(s) + X1(s)e T* + Xy (s)e 215 4 -

- X(s)=Xa(s)(1 e ™"+ e 4o
But l+ata®+ - =—0 la] <1
1—a
1
Hence, . X(s) = X 5.12
ence, we ge (s) 1(s) L _ e—Ts:| ( )

In equation (5.12), X (s) is the Laplace transform of x(t) defined over first period only.

Hence, we have shown that the Laplace transform of a periodic function is the Laplace transform
evaluated over its first period divided by 1 — e~ 7%,

DOWII=N 5.13
Find the Laplace transform of the periodic signal () shown in Fig. 5.17.

. ,\ [\ﬁme@
1 2 3 4 5

Figure 5.17

x(1)

SOLUTION

From Fig. 5.17, we find that T' = 2 Seconds.
The signal z:(t) considered over one period is donoted as x1(t) and shown in Fig. 5.18(a).

x,(1) x,(0 g

T T
0 1 2 0 1 2 0 1 2

\
/

Figure 5.18(q) Figure 5.18(b) Figure 5.18(c)

324



The signal 1 (¢) may be viewed as the multiplication of z 4(¢) and g().

Thatis, z1(t) =za(t)g(t)
= [t + 1][u(t) — u(t — 1)]
= z1(t) = —tu(t) + tu(t — 1) + u(t) —u(t — 1)
=—tu(t)+ (t—14+Dult—1)+u(t) —u(t—1)
=—tu(t)+ (t —Du(t—1)+ult—1)+ut) —ult—1)
=u(t) —tu(t)+ (t — Du(t —1)
=u(t)—r(t)+rt—1)

Taking Laplace Transform, we get

1 1 1
X _ = - —s
1(s) s §2 + 2°
8- 1+e*
— =
X1(s) (s—1+4e79)
Hence, X(s) = T (1 —e—29)

5.6 Inverse Laplace transform

The inverse Laplace transform of X () is defined by an integral operation with respect to variable
s as follows:

o+j00

z(t) = / X (s)e®ds (5.13)

g—jo0

Since s is complex, the solution requries a knowledge of complex variables. In otherwords,
the evaluation of integral in equation (5.13) requires the use of contour integration in the complex
plane, which is very difficult. Hence, we will avoid using equation (5.13) to compute inverse
Laplace transform.

In many situations, the Laplace transform can be expressed in the form

P(s)
X(s) = (5.14)
)= a0
where P(s) =by,s™ + Bp18™ L £ bys + by

Q(s) = aps" + Un_18" N+ ags + ag, an, #0

The function X (s) as defined by equation (5.14) is said to be rational function of s, since
it is a ratio of two polynomials. The denominator Q(s) can be factored into linear factors.
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P(s)
Q(s)

factor of terms whose numerators are constants and whose denominator corresponds to linear or
a combination of linear and repeated factors. This in turn allows us to relate such terms to their
corresponding inverse transform.

For performing partial fraction technique on X (s), the function X (s) has to meet the follow-
ing conditions:

A partial fraction expansion allows a strictly proper rational function to be expressed as a

(i) X (s) must be a proper fraction. That is, m < n. When X (s) is improper, we can use long
division to reduce it to proper fraction.

(ii) Q(s) should be in the factored form.

EXAMPLE KRl
Find the inverse Laplace transform of

25 +4
X(s) = ————
() s24+4s+3
SOLUTION
2s+4
X(s)=———"—
() $2+4s+3
. 2(‘; + 2) . Kl n I(g
S (s+1)(s+3) s+l s+3
where, Ki= (s +1)X(s)],—_y
_ 2(s+2) _1
a (S + 3) s=—1 B
Ky = (s +3)X(s)| = 5
_ 2(s4+2) _1q
B (S + 1) s=—3 a
1 1
H X(s) =
eHee, () s+1 +s—|—3
1
We know that: Lle "u(t)} =
e know tha {e" " u(t)} P
Therefore, x(t) = [e7t + e 3t u(t)
EXAMPLE KN
Find the inverse Laplace transform of
2
2
X(s) = s°+2s8+5

(s +3)(s+5)?
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SOLUTION

Let

where

Then

K n Ko n K3
s+3  s+5  (s+5)2
Kl = (S + 3)X(s)|s:—3

X(s)

242545
— 5 =9
(S + 5) s=—3
1 d
Ky=— —[(s+5)*X(s)]
1! ds s=_5
B d [s24+2s+5
 ds s+ 3 s=—5
2465+ 1
- — _1
(S + 3)2 s=—b5
Ks=(s+5)°X(s)| _ .
242545
_ s+ 2s + — 10
('S + 3) s=—b5
2 1 1
X(s) = .

s+3 s+5 (s+5)2

Taking inverse Laplace transform, we get

z(t)=2e ¥ —e ¥ —10te ¥,  t>0
z(t) = (273t —e % —10te5t)u(t)

Reinforcement problems

R.P 5.1

Find the Laplace transform of: (a) cosh(at) (b) sinh(at)

SOLUTION
1
(a) cosh(at) = §[eat 4 e

We know the Laplace transform pair:

—at __ 1
Lle "} = P
at __ 1
and Lle™} = —

327



Applying linearity property, we get,

Q{COSh(at)} = %;@{em"} + %ge{e—ut}

1[ 1 1 }
== +
2ls—a s+a

S

2 — a2

1
(b) sinh at = é[e”'t — e M

Applying linearity property,

ée{sinh(at)}:%[ 11 }

s—a s+a
a

s2 — a2

R.P 52

Find the Laplace transform of f(¢) = cos(wt + 6).

SOLUTION

Given f(t) = cos(wt + 0)
= cos 0 coswt — sin @ sin wt

Applying linearity property, we get,

L{f(t)}=F(s)
= cos 0 $L{coswt} — sin O L{sinwt}

S

= cos 0 —sinf———
82 + w? 2 4+ w?
scosf —wsinf
- s2 4 w?2

R.P 5.3

Find the Laplace transform of each of the following functions:

(@) z(t) = 12 cos(2t + 30°)u(t)

) z(t) = 2tu(t) — 4%5@)

© (1) = bu (%)

d) =z(t) = 5eféu(t)
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SOLUTION
(a) Let us first find the Laplace transform of cos(2t 4 30°)u(t)

L{cos(2t + 30°)u(t)} = £L{cos 30° cos 2tu(t) — sin 30° sin 2tu(t)}
= cos 30°%{cos 2tu(t)} — sin 30°L{sin 2tu(t)}

o S . o 2
= cos 30 [52+4] —sin 30 [32+4]
scos 30° — 2sin 30°

- s2+4

The Laplace transform of z(t) is now found by using differentiation in s domain property.

L{t?cos(2t +30°)} = j—; [£{cos(2t + 30°)u(t)}]

B d? [scos30° — 2sin 30°
ds? | s2+4+4
W 1
Vos_
_¢ 15
ds?2 | s2+4+4
[\V/3
_dd |5t
Cdsds | s2+4

_dd (V3 > -l

d \/§ 2 -1 \/§ 2 -2
:EKT(S +4) >—23<73—1> (s*+4) ]

V3 V3 N A
2(—2s) s 252 D)
_ 2 _9. 2 _ 2
(s2+4)% T (s244)°  (s2+4)? (82 4 4)°
- 8 — 12\/53 — 632 + \/532

(s2+4)°

d
(b) z(t) = 2tu(t) — 455(25)

Llz(t)} = X (s) = 2¢%{tu(t)} — 4¥ { %5(7‘)}
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d
We know that whenever a function f(#) is discontinuous at the origin, we have £ { pn f (7‘)}

= sF(s) — f(07). Applying this relation to the second term on the right side of the above
equation, we get

X (s) = 25 —dfs x 1 = 6(07)]

52
2
=2 _4s-0
= 45— 0]
2 4
=— —4s
s2

(c) z(t) = bu (%)

Using scaling property,

1
L{f(at)} = F (%)
1
we get, Llz(t)} = X(s) =5 x 73 é@{u(t)}s_)<s>
=95 X ! X [1]
gy
s j
d) z(t) = 56_%11,(?5)
We know the Laplace transform pair:
1
Lle u(t)} = P
Hence, Llz(t)} = X(s) = 5L {e_%tu(t)}
=5 T~ 23140- 1
s+ 5

R.P 54

Find the Laplace transform of the following functions:

(a) z(t) =tcosat

1
z(t) = —5 si i
(b) z(t) 52 Si at sinh(at)

sin? wt
t

(©) z(t) =
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SOLUTION
(a) z(t) = tcosat

We know that LLtft)} = ——F(s)
Let f(t) =cos at
= Fs) = 82 + a?
_d
Hence Ptcosat} =L{tf(t)} = [ —T—a }
s2 — g2
- (s2+a?)’
(b) z(t) = 2—612 sin at sinh at
1

1
= F §€at sin at — 56_(#' sin G;t:|
a

—at

= L [e”t sin at — sin at]

4a

We know the shifting in s domain property:

ée{()g()tf( )} = ( )|9—>(9 S0)

Applying this property along with linearity property, we get

Llo(t)} = X(s)

1
=12 [L{c"sinat} — L{e"sinat}]
1 [ a a }
B 40’2 82 + CLZ s—s—a 52 + a2 s—s+a

1 a a
C4a? [(s—a)2+a?  (s+a)?+a?
s

" [(s —a)2+a?][(s + a)? + a?]

(c)z(t) = % sin? wt

We know that L{f(t) / f(t)e *'dt
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Hence, /F(s)ds = /f(t) /e"#‘dsdt
s 0 s
w —st7 X
J[=]
0 S
— / f(f) e—stdt
t
0
o[
t
In the present case, f(t) = sin® wt
1 Jwt 1 —jwt 2
= 3 '—6
J2 J2
ej2o.)t -2+ e*j2wt
B —4
1 1 1/1 1 1
Hence, F(s)=—- . (=) == :
4 |s—j2w 2 \s 4 |s+j2w
Hence,
1.,
X(s)=¢ 7 sin wt
1
=9 { Zf(f)}
:/F(s)ds = lim [ f(z)dz
r—0Q0
In(z — j2w) — In(s — j2w) — 2Inz + 21n s + In(z + j2w) — In(s + j2w)

zlim[

T—00

—4

1 22 + 4w? 1 52 + dw?
=—In|{——— + —-1In —
4 T—00 4 s

)
1 2 4 4w?
e P
4 s2
R.P 5.5

Consider the pulse shown in Fig. R.P. 5.5, where f(t) = ¢ for0 < t < T. Find F(s) for the

pulse.
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fn)

Figure R.P. 5.5

The discrete pulse f(t) could be imagined as the prod-
uct of signal z(t) and g(t) as shown in Fig. R.P. 5.5(a)
and (b) respectively.

That is, f@#)==z(t)g(t)

— ezt[u(t) _ u(t - T)]

=é? U(t) e? u(t—T)

= ®u(t) — 2T Dyt — T)

= cHuft) - Dt 7)

1 62T€7T8
Hence, £{f(t)}=F(s)= s —2
1 e—T(s 2)

Ts—2 52

_1—et T

T (s—2)

x(1)

(a) 62/

g
(b)

0 T

Figure R.P. 5.5(a)
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R.P 5.6

Find the Laplace transform of f(¢) shown in Fig. R.P. 5.6.

S0

sinsTt

\

Figure R.P. 5.6

SOLUTION
f(t) is a discrete pulse and can be expressed mathematically as:

x()
7(t) = 2(t)g(t) |
= sinwt[u(t) — u(t — 1)] T /\
= sinwtu(t) — sinwtu(t — 1) | -
= sinmtu(t) — sinw(t — 1+ 1)]u(t — 1) 0o 1 2 3
—  f(t) = sinmtu(t) — sinfr(t — 1)] cos7(t — 1) 80
—cos[r(t —1)]sin7u(t — 1) |
= sinmtu(t) + sin[r(t — 1)]u(t — 1)
T e 15w | | -7
Hence, F(s)=%{f(t)} = poR + T ' 1 .2 ; >~
= ﬁ[l +e77] Figure R.P. 5.6(a)

R.P 5.7

Determine the Laplace transform of f(#) shown in Fig. R.P. 5.7.

fo

\

Figure R.P. 5.7
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SOLUTION

We can write,

~
—
~
~—
|
—
~
N—r
Q
—
~
N—r

Do | Ot

t] [u(t) — u(t — 2)]

tu(t) — —tu(t — 2)

|
TR o

tu(t) — = (t — 2+ 2)u(t — 2)

|
AR

Nl | ot/ 8

\V]

Hence, £{f (1)} = F(s) =" (%2) 3 (l) o255 o

2 52

2 S

5
= ﬁ[l —e™ 2% —25e7 %)
s

R.P 5.8

tu(t)— 2 (t — 2)u(t — 2)— 5u(t — 2)

g

0 1 2

Figure R.P. 5.7(a)

Find the Laplace transform of f(t) shown in Fig. R.P. 5.8.

S0

Figure R.P. 5.8

SOLUTION

| 1
o 1 2 NI
21

The equation of a straight line is y = max + ¢, where m = slope of the line and ¢ = intercept on

y-axis.
-5
HCHCC, f(t) = ?t -+ 5
When f(t) = —2, let us find ¢.
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5 ) x(1)

Thatis, —2= %t +5
= t = 4.2 Seconds
Mathematically, 4.2

£(t) = z(t)g(t) SRRV EE
. 21 \\
= [—t + 5] [u(t) — u(t — 4.2)]

3 2(0)

5
= —tu(t) + gtu(t —4.2) + 5u(t) — 5u(t — 4.2)

3
1
-5
= —tu(t) + = (t — 4.2 + 4.2)u(t — 4.2) I I I I 1
3 4.2
0 1 2 3 4 5
+5u(t) — bu(t —4.2)
-5 5
= ?tu(t) + §(t — 42)u(t — 42) + 7u(t — 42) Figure R.P. 5.8(a)
+5u(t) — bu(t — 4.2)
) 5
= ?tu(t) + §(f —4.2)u(t —4.2) 4+ 2u(t — 4.2) + Su(t)
Hence, F(s) = £‘{Jc(t)}
=9 O 495, 2 49, D
382 + 352° + s¢ +
_ —b5+5e 4?4 6se”*?° + 155
- 3s2
R.P 5.9

If f(07) = —3 and 15u(t) — 46(t) = 8f(t) + 6f'(t), find f(t) (hint: by taking the Laplace
transform of the differential equation, solving for F'(s) and by inverting, find f(t)).

SOLUTION
Given, 15u(t) — 46(t) = 8f(t) + 6f'(t)
Taking Laplace transform on both the sides, we get
15
- 4=8F(s)+6[sF(s) — f(0)]
15
= — —4=8F(s)+6sF(s)+18
S
15—-4
Therefore, F(s)(6s+8)=—18 + °
S
-1 15—4
N O — b 45

65 +8)  5(65+8)
. —22s5 4+ 15 . K; K

AR Tt
S s—l-g 3
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The constants K and K> are found using the theory of partial fractions.

—22s 4+ 15

6 < + 4
s+ —
3 s=0

Ko = —22s+15 = —5.542

6s _—4

=73

_ L1875 5.542

S

K, = = 1.875

Hence, F(s) 1

Taking the inverse, we get  f(£) = [1.875 - 5.542e%4*} u(t)

R.P 5.10
Find the inverse Laplace transform of the following functions:
s+1
F(s)= ———
@ F(s) s2 445+ 13
3e™*
F(s)= ¥——7——
® Fls) = Z 5717
SOLUTION
s+1
F(s) = ————
_(s+2)—-1
(542249
_ s+ 2 1
(5422432 (s+2)2+32
s+2 1 3

(5422432 3(s+2)2+32
The determination of the Laplace inverse makes use of the following two Laplace transform

pairs:
a

s+b
Hence, f(t) = £71‘{F(3)}

1
—e %t cos 3t — ge_% sin 3t

LlePsinat) =

Lle ™ cosat} =

3e %
b Fls) = ———
®) (5) $2 425+ 17

337



Let

where

Since

we get,

Therefore,

F(s)=e*X(s)

3 3
X(s):.52+25+17:(s+1)2+42
3 4
_Z [(s+1)2+42]
m(t): Ze tsin4t
F(s) = _GX( )
f)==(t-1)
f(f):% ¢Dgin[4(t —1)], t>1
3

f(t) = 2¢ ~tDgin[4(t —1)]u(t —1)

Laplace transform method for solving a set of differential equations:

1. Identify the circuit variables such as inductor currents and capacitor voltages.

2. Obtain the differential equations describing the circuit and keep a watch on the initial con-
ditions of the circuit variables.

3. Obtain the Laplace transform

of the various differential equations.

4. Using Cramer’s rule or a similar technique, solve for one or more of the unknown variables,
obtaining the solution in s domain.

5. Find the inverse transform of the unknown variables and thus obtain the solution in the time

domain.

5.11

Referring to the RL circuit of Fig. R.P. 5.11, (a) write a differential equation for the inductor

current i7,(t). (b) Find I7,(s), the Laplace transform of ir,(t). (c) Solve for iy, ().

+
Su(t-2) <_

i (0 10Q
—

) s

i, (0)=5mA

Figure R.P. 5.11
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SOLUTION
(a) Applying KVL clockwise, we get

di
106 ,(t) + 5% —Su(t—2) =0

(b) Taking Laplace transform of the above equation, we get
5
1015,(s) + 5[sIr(s) —in(07)] = e ¢

S

5
“e 2 4+ 5ir,(07)

= In(s)=2
(%) 5s + 10
e F 45 x107%
N s(s+2)
Ky K 5x 10735
_ —2s |21 2
- [s Jrs+2}+ s(s+2)
1 1
where K| = = -
§+20, 2
1 1
K2 = — = — —
Sls=—2 2
1 1 1 5x103
Hence, Ip(s)==-e2% |- —
2 s s+2 (s+2)

(c) Taking Inverse Laplace transform, we get

i (t) = % [u(t) — e 2u(t)],_,_,+5 x 10~%e2hu(t)

N % [u(t —2) —e > u(t —2)] + 5 x 10~ e~ u(t)

R.P 5.12

Obtain a single integrodifferential equation in terms of ¢ for the circuit of Fig. R.P. 5.12. Take

the Laplace transform, solve for I (s), and then find i (t) by making use of inverse transform.

i) 0.1F 1Q

.1
1 AN

+
0.58(nHA G) 4Q C_) 4u(t)V

Figure R.P. 5.12
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SOLUTION
Applying KVL clockwise to the right-mesh, we get

o0

du(t) +ic + IO/icdt +4[ic — 0.56(t)] =0
0
Taking Laplace transform, we get
1 107,
4: + Ic(s) + ﬁ +4Ic(s) —2=0
25 —4
= T —
()= 5710
1.
=04 — 6
s+ 2

Taking inverse Laplace transform, we get
ic(t) = 0.46(t) —1.6e 2tu(t) Amps.

R.P 5.13

Refer the circuit shown in Fig. R.P. 5.13. Find i(0) and i(oc0) using initial and final value theorems.

R=1Q
AVAYAYAY, J
i(07)=1A

v(H=10V, 120 @ L=2H

Figure R.P. 5.13

SOLUTION

Applying KVL we get
di
i +2— =10
ST

Taking Laplace transform, on both the sides, we get

T(5) + 2fsT(s) — i(07)] =
N T(s) +2[sT(s) — 1] = 15—0
= I(s)[l—l—Qs]:ls—O—i-Q
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B 10 2
~s(1+2s) * 1+2s
10+ 2s
s(1+ 2s)
d+s

i(0) = lim sI(s)

= 1(s)

According to initial value theorem,

= Jim ——

14—
+23

We know from fundamentals for an inductor, i(0") = 4(0~) = 4(0). Hence, i(0) found using
initial value theorem verifies the initial value of () given in the problem.
From final value theorem,

i(o0) = ll_)Hé sI(s)

iy S8 5 oA
S s+§

R.P 5.14
Find i(t) and vc (t) for the circuit shown in Fig. R.P. 5.14 when v¢(0) = 10 V and i(0) =0 A. The

input source is v; = 15u(t) V. Choose R so that the roots of the characteristic equation are real.

!
1H T F

T

0, (0=15u(1) C:’) @ §R

Figure R.P. 5.14
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SOLUTION
Applying KVL clockwise, we get

di
Ld_; +ve + Ry = v;(t)

The differential equation describing the variable v is

dve
C— =1
a "

The Laplace transform of equation (5.15) is
LlsI(s) —i(0) + Vo(s) + RI(s) = Vi(s)]
The Laplace transform of equation (5.16) is

ClsVe(s) - ve(0) = 1(s)]

(5.15)

(5.16)

(5.17)

(5.18)

Noting that i(0) = 0, substituting for C' and L and rearranging equation (5.17) and (5.18), we

get,
[+ s]I(s) + Ve (s) = Vi(s) = —
1
—I(s) + §SVC(5) =5
Putting equations (5.19) and (5.20) in matrix form, we get
|' 15
s

-1

|'R+s 1'|
b

Solving for I(s) using Cramer’s rule, we get

I(s)
Ve (s)

5
24+ Rs+2

1(s)

(5.19)

(5.20)

(5.21)

The inverse Laplace transform of I(s) will depend on the value of R. The equation
52 + Rs + 2 = 0 is defined as the characteristic equation. For the roots of this equation to

be real, it is essential that b2 — 4ac > 0*.

This means that, R?—4x1x2>0
= R>2V2

*The condition b> — 4ac > 0 is with respect to algebraic equaion az? 4+ bx + ¢ = 0.
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Let us choose the value of R as 3

5 5
Th I & = =
o )= T 32 T Gr D612
Ky Ko
= I(s)=
(5) s+1 + s+ 2
5
where K= =5
s+2|__,
5
Ky =-5
s+1|,__,
5 5
I(s) = -
Hence, (s) P

Taking inverse Laplace transform, we get
i(t) = Be tu(t) — e 2tu(t)

Please note that ¢ = 0 gives 4(0) = 0 and t = oo gives i(c0) = 0.
Solving the matrix equation (5.21) for Viz(s), using Cramer’s rule, we get

Vo(s) = 10s® + 10Rs + 30
o= s(s?+ Rs +2)

Substituting the value of R, we get
10(s? + 3s + 3)
s(s+1)(s+2)

Using partial fraction expansion, we can write,

Vel(s) =

where, K1 = 15, Ko = —10, K3 =5

15 —10 5
Hence, VC(S):?_3+1+5+2

Taking inverse Laplace transform, we get
ve(t) = 15u(t) —10etu(t) + 5e2tu(t)

Verification:
Putting t = 0, we get

ve(0)=15-10+5=10V
ve(00) =15—0+0=15V

This checks the validity of results obtained.

343



R.P

5.15

For the circuit shown in Fig. R.P. 5.15, the steady state is reached with the 100 V source. Att = 0,

. . . . 1
switch K is opened. What is the current through the inductor att = 3 seconds ?

SOLUTION

K _ t=0
.

100V ===

40Q

40Q

Figure R.P. 5.15

Att = 07, the circuit is as shown in Fig. 5.15(a).

+
100V C_

i»(07)=2.5A

40Q

Figure R.P. 5.15(a)

Figure R.P. 5,15(b)

40Q

4H

For t > 0T, the circuit diagram is as shown in Fig. 5.15(b). Applying KVL clockwise to the
circuit, we get

804 (t)

di
dt

+4— =0
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Taking Laplace transform, we get
80I(s) +4[sI(s) —i(0)] =0
801(s) +4sl(s)=4x 2.5

=
= [20 4 s]I(s) = 2.5
2.5
I(s) =
()= 750

Taking inverse Laplace transform, we get,
i(t) = 2.5¢ 2%
Att = 0.5 sec, we get

i(0.5) = 2.5e7 10 =1.135 x 1074 A

R.P 5.16
Refer the circuit shown in Fig. R.P. 5.16. Find:

() vo(t) fort >0
(b) io(t) fort >0

(c) Does your solution for i, (t) make sense when ¢t = 07 Explain.

- N
[,=3mA G) % oS L=2.5H R=4kQ == (C=25nF
o)

Figure R.P. 5.16

SOLUTION

P N R P

Figure R.P. 5.16(a)
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KCL at node A: (fort > 0)

t

1 U, dv,
Idc_ Z/Uodt‘FE‘i’CE
0

Taking Laplace transform,

Pl + In + sCV,(s)
Ige
Hence, Vo(s) = 10

Substituting the values of 1., R, L, and C, we find that

120,000 B 120, 000
52 410,000s 4 16 x 106 (s 4 2000)(s + 8000)

Vi(s) =

Using partial fractions, we get

K Ky

‘/O =
(8) = 72000 T 578000

where K1 = 20, and Ky = —20

20 20
s+2000 s+ 8000

Hence, Vo(s) =

Taking inverse Laplace transform, we get
Vo(t) = 202000t (1) —20e 8000ty (1)

dv,
dt

Hence I,(s) = C [sV,o(8) — v6(0)]

(b) io(t)=C

For t < 07, since the switch was in closed state, the circuit was not activated by the source.
This means that v,(0) = v,(07) = v,(07) = 0 and i,(07) = i.,(07) = 0.

Then, I,(s) = CsV,(s)
25 x 1079 x s x 120,000
~ s2+10,000s + 16 x 106
3x 107 3s
~ (s + 2000)(s + 8000)
K K>
= 552000 " 5+38000
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We find that, K1 = —10 3, and Ky =4 x 1073

—1073 4x1073

Therefore, To(s) = 555000 * 53000

Taking inverse Laplace transform, we get
io(t) = 4678000t () — 2000ty ()mA
(©) in(0T)=4—1=3mA

Yes. The initial inductor current is zero by hypothesis (z L(0T) =1,(07) = 0). Also, the initial
resistor current is zero because v,(07) = v,(07) = 0. Thus at ¢ = 0T, the source current
appears in the capacitor.

R.P 5.17
Refer the circuit shown in Fig. R.P. 5.17. The circuit parameters are R = 10k(2, L = 800 mH
and C' = 100nF, if V;. = 70V, find:

(a) vo(t) fort >0
(b) io(t) fort >0

(c) Use initial and final value theorems to check the inital and final values of current and

voltage.
L
0>§ o—Juuvo>
—_—

=0
i,(D)

W () S

Figure R.P. 5.17

S+
Il
1
a

SOLUTION

Att = 07, switch is open and at t = 0T, the switch is closed. Since at ¢ = 07, the circuit is not
energized by dc source, 7,(0~) = 0 and v,(0~) = 0. Then by the hypothesis, that the current in
an inductor and voltage across a capacitor cannot change instantaneously,

i0(07) =io(07) =0 and  v,(01) =v,(07) =0
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The KCL equation when the switch is closed (for t > 07) is given by

t
dv, v, 1

C+xp+t L/(?)o—Vdc)dTZO

t t
dv vo 1
= E / Z / Vaedr
0 0
dv, v, 1 1
= Cdt JrEJFE/UOdT—EVdct
0

Laplace transform of the above equation gives

Vols) | 1Vals) _ 1 Vi

C'sVo(s) — vo(0)] + R L s L s2

Since v,(0) is same as v,(07), we get

Vals) | 1Vals) _ Vae

CsVols) + —p~ + T = g2

Substituting the values of V., R, L, and C, we get

875 x 10°
Vo(s) = —— 1
s[s2 4 1000s + 1250 x 104]
875 x 10°
s(s—s1)(s — s2)
where 51,82 = —500 £ /25 x 104 — 1250 x 10
= —500 £ 73500
1 6
Hence, Vo(s) = 875 x 10

s(s -+ 500) — j3500)(s + 500 + 53500)

Using partial fractions, we get

K K K
Vo(s) = — + o5 7
s s+500—33500 s+ 500+ 53500
875 x 106
We find that Ki=————— =70
125 x 105
875 x 106

-

2 =

(=500 + 53500)(;j7000)
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=550 /171.87°

Vs =704 5V50 171.87°  5v/50 /=171.87°
s T 54500 — 53500 s+ 500 + j3500

Taking inverse Laplace transform, we get

vo(t) = [70 + 5v/50 /171.87° ¢~ (500735000 4 5./5() /—171.87° e_(500+j3500)t] ult)

In the present context,

m = 5v50,0 = 171.87°
w = 3500 and a = 500

_ 54/50 /171.87° 54/50 /—171.87°
This means that, (94 1{ V50 + \/_;}

54500 — 73500 s+ 500 + 73500

=2 x 5v/50e7°%% cos (3500 + 171.87°)
= 10v/50e "% cos (3500 + 171.87°)

Hence, vo(t) = [70 + 104/50e~5%% cos (3500t + 171.87°)] u(t)
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Vo dv,

®) dQ(t) =5 +C-
Taking Laplace transforms on both the sides, we get
Vo (s _
I(s) = # + C [sVo(s) — 16(07)]
V
= Lo(s) = "}(:) + CsVi(s)
1
I,(s) =CV, :
- 5= |s+ 7]
[ 1
_ (Vae ‘T Re
L 2, 1 n 1
_S S RCG LC

Substituting the values of V., R, L, and C, we get

87.5(s + 1000)

I,(s) = . -
s(s + 500 — 73500)(s + 500 + 73500)
Ky Ky K3
T s + s+ 500 — 73500 + s+ 500 4+ 73500
We find that,
Ky = 87.5 x 1000 _rmA
1250 x 104
Ky — 87.5(500 + 53500)
(=500 + 53500)(37000)
=12.5 /-106.26° mA
L(s) = 7 n 12.5 /—106.26° n 12.5 /106.26°

s s+500— 53500 s+ 500+ 73500

The inverse Laplace transform yields,

io(t) = [7 +12.5 /=106.26° ¢~ (500=73500) 4 19 5 106.26° e*<500+j35°°)t} u(t)
= [7 + 25e %% cos(3500t —106.26°)] u(t)mA

Ve
© Vils) = L —
s <82 + <%> s+ E)
From Final Value theorem: v,(0c0) = flgglo Uo(t) = 11:[(1) sVo(s) = % =70V

The same result may be obtained by putting ¢ = oo in the expression for v, (t).
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From initial value theorem :  v,(0) = lim sV,(s)
S— 00

Vv(lc
¥
= lim LC
.9—»:)0# 92+i9+i
‘ RC™  LC
=0

This verifies our beginning analysis that v,(0") = v,(07) = 0. The same result may be
obtained by putting ¢ = 0 in the expression for v, ().

1
Vv(lc (s * E)
L (o, L, 1
S| S RCS LC

From final value theorem :  I,(c0) = lim s1,(s)

s—0

We know that, I,(s) =

rC’ T IC
1
_ V;ZCR__C
= e I
LC
Vv(lc 70
=R " loxi0p ™A

The same result may be obtained by putting ¢ = oo in the expression for 7, ().

From initial value theorem :  i,(0) = lim sI,(s)

This agrees with our initial analysis that the initial current through the inductor is zero. The
same result can be obtained by putting ¢ = 0 in the expression for i, (t).
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R.P 5.18
Apply the initial and final value theorems to each of the functions given below:
s+ 5s+ 10 52 +5s+ 10

@ Fo=—"%— ® F&=5mranry

SOLUTION
Since in F'(s) referred in (a) and (b) are improper ! fractions, the corresponding time domain
counterparts, f(¢) contain impulses.

Thus, neither the initial value theorem nor the final value theorems may be applied to these
transformed functions.

519

Find the inverse Laplace transform of F'(s) =

c+ jd n c—jd
st+a—jw s+a+jw

SOLUTION
Expressing ¢ 4+ jd and ¢ — jd in the exponenetial from, we get,

mel? me 7

— + ;
S+a—jw S+a+jw

where m=vec2+d2and 0 = tan~! [Sl]

C

F(s)=

Hence, ft)= ¢! {F(s)}
= mel?e (I (1) 4 me e (@ HIWty (1)
= me_”’tej(g+“’t)u(t) + 7ne_”'te_j(9+“t)u(t)

7(0+wt) —j(04wt)
¢ +e ] u(t)

= 9me~ l
2

=2me~* cos(0 + wt)u(t)

520

60
Find the initial and final val f f(t) when F(s) = ———
ind the initial and final values of f(t) when F'(s) 7251
SOLUTION
Initial value theorem
f(0) = lim sF(s)
S$—0Q0
60
= lim s 0

s s2— 25+ 1

'If the degree of the numerator polynomial is greater than or equal to the degree of the denominator polynomial,
the fraction is said to be improper.
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Final value theorem:
The poles of F'(s) are given by finding the roots of the denominator polynomial. That is,

£-2s+1=0 = (s—1)2=0 = s=1,1

Since both the poles of F'(s) lie to the right of the s plane, final value theorem cannot be used
to find f(o0).

RN 521
Find i(t) for the circuit of Fig.R.P. 5.21, when i1 (t) = 7e % A fort > 0 and i(0) = 0. Also find
4H
ITY0—
—
i(t)
i, (H=Te"°
1 0 G) §5§2 § 3Q
Figure R.P. 5.21
SOLUTION
N 4H
Refer Fig. R.P. 5.21(a). T
R —6t —
KCL at node vy: 5 +1="Te i(f)

di
Al =3 +4— [\ (=Te™
so, v =3+ 7 1 tzg Q) §SQ § 3Q

1 di
Hence, - {?n‘ + 431] +i=Te o
4di 8, —6t
= = + si= Te Figure R.P. 5.21(a)
di 35
N oy 39 6t
7 + 2 1 e

Taking Laplace transform of the differential equation, we get

[51(5) = ()] + 21(s) = 2 ——

35 1

~ ) = 672616
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Using partial fraction expansion, we get

I(s) = oL Ko
s+2 s+6
and find that K, = 35 and Ko = _1_?;5
1 1
Hence, I(s) = % _ §
16 | s+ 2 16 |[s+6

=

i(t) = % 62t — =64 u(t)

5.7 Circuit element models and initial conditions

In the analysis of a circuit, the Laplace transform can be carried one step further by transforming
the circuit itself rather than the differential equation. Earlier we have seen how to represent a
circuit in time domain by differential equations and then use Laplace transform to transform the
differential equations into algebraic equations. In this section, we will see how we can represent
a circuit in s domain using the Laplace transform and then analyze it using algebraic equations.

5.7.1 Resistor

The voltage-current relationship for a resistor K is given by Ohm’s law:

v(t) =i(t)R

(5.22)

Taking Laplace transform on both the sides, we get

Vi(s)=1I(s)R

(5.23)

Fig. 5.19 (a) shows the representation of a resistor in time domain and Fig. 5.19(b) in fre-

quency domain using Laplace transform.

‘i(t)
v(1) R

Figure 5.19(Q) Resistor represented in
fime domain

The impedance of an element is defined as

‘ 1(s)

V() > R

Figure 5.19(b) Resistor represented in the
frequency domain using Laplace fransform
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provided all initial conditions are zero. Please note that the impedance is a concept defined only
in frequency domain and not in time domain. In the case of a resistor, there is no initial condition
to be set to zero. Comparision of equations (5.22) and (5.23) reveals that, resistor R has same
representation in both time and frequency domains.

5.7.2 Capacitor
For a capacitor with capacitance C, the time-domain voltage-current relationship is

t

o(t) == /i(T)dT +v(0) (5.24a)

0

The s domain characterization is obtained by taking the Laplace transform of the above equa-
tion. That is,

Vis) = - 1s) 4+ 2O

5.24b
Cs s ( )

To find the impedance of a capacitor, set the initial condition v(0) to zero. Then from equation
%4 1
(5.24b), we get Z(s) = 7 ((S)) =G as the impedance of the capacitor. With the help of equation
s S
(5.24b), we can draw the frequency domain representation of a Capacitor and the same is shown
in Fig. 5.20(b). This equivalent circuit is drawn so that the KVL equation represented by equation
(5.24 b) is satisfied. Performing source transformation on the equivalent s domain circuit for a
capacitor which is shown in Fig. 5.20(b), we get an alternate frequency domain representation as

shown in Fig. 5.20(c).
o +
o jf 1)
1

N Cs
()= C Vi) v(0)
- AL S_
lo) -
(b)

(a)

Figure 5.20(a) A capacitor represented in fime domain
(b) A capacitor represented in the frequency domain
(c) Alternate frequency domain representation for a capacitor
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5.7.3 Inductor

For an inductor with inductance L, the time domain voltage-current relation is

o(t) = Ldid—(;) (5.25)

The Laplace transform of equation (5.25) yields,
V(s) = LsI(s) — Li(0) (5.26)

To find impedance of an inductor, set the initial condition #(0) to zero. Then from equation
(5.26), we get
Vi(s)
Z(s) = =
) =75

(5.27)

which represents the impedance of the inductor. Equation (5.26) is used to get the frequency
domain representation of an inductor and the same is shown in Fig. 5.21(b). The series connection
of elements corresponds to sum of the voltages in equation (5.26). Converting the voltage source
in Fig.5.21(b) into an equivalent current source, we get an alternate representation for the inductor
in frequency domain which is as shown in Fig. 5.21(c).

To find the frequency domain representation of a circuit, we replace the time domain repre-
sentation of each element in the circuit by its frequency domain representation.

(o)

+
* 1(s)
‘ i(t)

+ Ls
vl L

- V(s)

L i(0)
8 -

(@) (b)

Figure 5.21(a) An inductor represented in fime domain
(b) An inductor represented in the frequency domain
(c) An alternate frequency domain representation

To find the complete response of a circuit, we first get its frequency domain representation.

Next, using KV L or KCL, we find the variables of interest in s doamin. Finally, we use the
inverse Laplace transform to represent the variables of interest in time domain.
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DVII=g 5.16

Determine the voltage vc(t) and the current i (t) for t > 0 for the circuit shown in Fig. 5.22.

2 (D iﬁ

T

3Q (0.5F =
=0

SOLUTION

Figure 5.22

¢ i (1)

+

— vc(D)

We shall analyze this circuit using nodal technique. Hence we represent the capacitor in frequency
domain by a parallel circuit since it is easier to account for current sources than voltage sources

while handling nodal equations.

The symbol for switch indicates that at ¢ = 0~ it is closed and at ¢ = 07, it is open. The
circuit at £ = 0~ is shown in Fig. 5.23(a). Let us assume that at ¢ = 07, the circuit is in steady
state. Under steady state condition, capacitor acts as on open circuit as shown in Fig. 5.23(a).

W0 =533"7
4
ve(07) = 3 X 3=4V

2x6 12 4

Hence, UC(O) = Q)C(O+) = ’I)C(O_) =4V

Fig. 5.23(b) represents the frequency
domain representation of the circuit

shown in Fig. 5.22.

KCL at top node:
Vel(s) s 2
ZVals) =2+ 2
3 + 2 a(s) + s
6 2
=4 Vc(G) = - — 5
sz
3

—_—

60 i, (07)
+
3Q v (07)
Figure 5.23(q)
VCI(S)
— I(5)
2 +
s = v(s) Cv-(0)=2
—1
Figure 5.23(b)
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Inverse Laplace transform yields

vo(t) = [6 - 2e—§t} u(t)V

2
_— 2
Also, Io(s) = 02((;) —2=-_3 5
s °T3
2
= ic(t) = ge—%tu(t)A

Sy 5.17
Determine the current iy, (t) for ¢ > 0 for the circuit shown in Fig. 5.24.

=0
_?( 4Q
O— \VWW— .
l lL(t)
o N 4H
v 0.05F == v(t)
8Q
Figure 5.24

SOLUTION
Att = 07, switchis closed and at t = 0™, it is open. Let 40
us assume that at ¢ = 0™, the circuit is in steady state. In —O0—O-AAN—

steady state, capacitor is open and inductor is short. The
equivalent circuit at t = 0~ is as shown in Fig. 5.25(a).

l i,(07)
. O +

12 12V C) Ve(07)
in(07) = 1A -

S+4 .-
ve(07)=1x8=8V s
Therefore, ir,(0) =4r(07) =ir(07) = 1A
ve(0) = ve(01) =ve(07) =8V Figure 5.25(a)

For t > 0T, the circuit in frequency domain is as shown in Fig. 5.25(b). We will use KVL
to find i7,(t). Hence, we use series circuits to represent both the capacitor and inductor in the
frequency domain. These series circuits contain voltage sources rather than current sources. It
is easier to account for voltage sources than current sources when writing mesh equations. This
justifies the selection of series representation for both the capacitor and inductor.
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Applying KVL clockwise to the right

—0  O—AAAMA
mesh, we get ¢1L(s)
-8 20 ]
— T 1) + 4slr(s) —4+811(s) =0 £<+> 45Q
8 20 s \C&
—+4:[—+8+4s}1,3(s) v0) _ 8V
S S s s Li(0)
2+s s+1)+1 =axl=4v
= IL(S) =3 = ( )2
s2+2s+5 (s+1)2+4
s+1 1 2 :
= TIr(s) = - Figure 5.25(b)
) =Grmzre e [(s T1)2 x 22}
We know the Laplace transform pairs:
_ s+ a
Llecosht) = — L
{e " cos bt} Graltt
b
—at . .
and £ {e Sin bt} = m
1
Hence, ir(t) = e tcos2t + Ee_t sin 2t| u(t)A
EXAMPLE EHE!
Find v,(t) of the circuit shown in Fig. 5.26.
-2
IF e“lu(t) V 0
H— —
+
1Q § G) 2u(t) A IH § 1Q UO(T)
o
Figure 5.26
SOLUTION
The unit step function w(¢) is defined as u(f)
follows: =07
u(t) = L, t>07 1= 0—\ S
10 t<0m \ .
5 &
Figure 5.27(a)
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Since the circuit has two independent sources with u(t) associated with them, the circuit is not
energized for ¢ < 0. Hence the initial current through the inductor is zero. That is, i7,(07) = 0.
Since current through an inductor cannot change instantaneously,

ir(0)=4,(07) =ir(07) =0
Also, ve(0) =ve(07) =ve(07) =0

The equivalent circuit for # > 07 in frequency domain is as shown in Fig. 5.27(b).

1 -~ - _ =T _ -V +
S
? 2
1Q 5 s 1Q V. (s)
o
Figure 5.27(b)
KCL at supernode:
Vl((‘ii + VQ(?) T VQ(S) _ z
2
1+ -
S
1 1 1 2
= Vi(s) —T + Va(s) [— + —] =3
1+ - ‘
s
S 24+s 2
Vo« = -
= 1(s) [s—l— 1] 2(5) [ 2s ] S

The constraint equation:

Applying KVL to the path comprising of current source — voltage source — inductor,

1
—Vi(s) — —— 4+ Vo(s) =
we get, 1(s) S+2+ 2(s) =0
1
1% -V =
2(s) — Vi(s) ST2
1
= Vi(s) — Vo(s) = —
1(s) — Va(s) )
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Putting the above two equations in matrix form, we get

St e ] |
Lo | v | 8;12

Solving for V5(s) and then applying the principle of voltage division, we get

2(35% + 65 + 4)
s+2)(3s2 4 3s +2)

s“+2s+ =
= V,(s) = 5
° (s +2)(s + 0.5 — j0.646)(s + 0.5 + j0.646)

Using partial fractions, we can write

Vo(s) = %Vz(e) = 2

K K. K3
Vo(s) = — + 2+ 2
s+2 s+4+0.5—750.646 s+ 0.5+ 50.646
We find that K{=0.5
Ky =0.316 /=37.76
0.5 0.316 /—37.76 0.316 /37.76
Hence, Vo(s) = ; + ‘
s+2 s4+0.5—350.646 s+ 0.5+ 50.646
- 1
We know that, £ ' [ ] = e "u(t)
s+a

¢! m /0 N m [—6
st+a—jw s+a+jw
= 2me~ " cos(wt + 0)u(t)

Hence, vo(t) = 0.5e2tu(t) 4 0.632e0-5t cos [0.646t — 37.76°] u(t)

D GWYIZI=N 5.19
For the network shown in Fig. 5.28, find v, (t), t > 0, using mesh equations.

1
—F
2 2Q 1H
—} AMMN—TTTT o
+
1Q
2u(f) A(f) § 10 § 10 Yo®
4u(r)
)
Figure 5.28
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SOLUTION
The step function u(t) is defined as follows.

. u(?)
! t>0" =0
o, t<o i
= 0—\
Since the circuit is not energized for ¢ < 0, there -
are no initial conditions in the circuit. Fort > 07T, 0
the frequency domain equivalent circuit is shown Figure 5.29(a)
in Fig. 5.29(b). 5
B 2Q K
1 AW BTG ——0
+
1Q
2
OIOIOFIOHE
4
s —
O
Figure 5.29(b)

2
By inspection, we find that I (s) = —

s
KVL clockwise for mesh 2:

%4 +1[Ta(s) = I (s)] + 205(s) + 1 [Ta(s) — I5(s)] =0

N B B [+ 2 4 1] Ty(s) = 0

Substituting the value of I;(s), we get

L)~ Tyls) =

= ATo(s) — I(s) =

KVL clockwise for mesh 3: (
1[T3(s) = In(s)] + sT5(s) + 115(s) = 0

= —I(s)+I3(s)[s+2]=0

Putting the KVL equations for mesh 2 and mesh 3 in matrix form, we get

4 -1 IQ(S)

I
oS wlo

-1 s+2 13(s)
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Solving for 3(s), using Cramer’s rule, we get

1.5
Iz(s) = T
s\sty
1.5
= Vol(s) =1I53(s) x 1 = —
S (s + Zl)
Using partial fractions, we can write
K K
L@(S)__ _;l 27
s+ Z
6
We find that, K= = and Ky = —
1 1
Hence, Vo(s) = § -
Tls i 7
4
6 _7
= vo(t) = = [1—6 4]u(t)

EXAMPLE WS
Use mesh analysis to find v,(t), t > 0 in the network shown in Fig. 5.30.

4u(r)
S
IF i 10
- DA
(1) N
£ f 1H 1Q V0
2
0
Figure 5.30

SOLUTION
The circuit is not energized for ¢ < 0~ because the independent current source is associated with
u(t). This means that there are no initial conditions in the circuit. The frequency domain circuit

fort > 0" is shown in Fig. 5.31.
By inspection we find that:
4 I(s)
1(8) s’ 2(8) )
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KVL for mesh 3 gives

s[I5(s) — In(s)] + 1 [13(3) _ ‘_j @
+1x I3(s) =0 1 @
= s [13(8) - % (Ig(s) - g)} il 12 1(5) .
* [13(5) N iﬂ T 13(s) =0 l<s> <? () () 1 V)
_ —4(s—2) )
= 13(8) = —S(s n 4) 5
and Vo(s) = 1I5(s)] Figure 5.31
_—4s-2)
 s(s+4)

By partial fractions, we can write

K, K
Vy(s) = —
(5) S + s+4
We find that Ki=2 Koy =-6
2 6
H bl ‘/;) © = - -
ence, (s) s 574

Taking inverse Laplace transform, we get

vo(t) = 2u(t) —6e Hu(t)
EXAMPLE E¥4l
Using the principle of superposition, find v,(t) for ¢ > 0. Refer the circuit shown in Fig. 5.32.

L
1H Q2

4u(r) 2u(t) 1Q Y0

Figure 5.32

SOLUTION

Since both the independent sources are associated with w(t), which is zero for

t < 07, the circuit will not have any initial conditions. The frequency domain circuit for ¢ > 0"
is shown in Fig. 5.33(a).
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)
sQ Q
+
4 2 1Q Y,
S S
| )

Figure 5.33(a)

As a first step, let us find the contribution to V,(s) due to voltage source alone. This needs the
deactivation of the current source.

Referring to Fig. 5.33(b), we find that 5O 1) 10

4
I(s) = —5— 19 Y,
sH14 =41
4

Vou(s) = 1(s)[1] =

20
N

$2 42542
Figure 5.33(b)
Next let us find the contribution to the output due to
current source alone. 2
Refer to Fig. 5.33(c). Using the principle of current 1Q () s
division,
2 X 8 19 Vo )
Il(s) — 8—2
s+1+-+1
s
2s .
= V. =11 = - Figure 5.33(c)
w(s) =1L = s
Finally adding the two contributions, we get
Vo(s) = Vo () + Voo (s)
B 4 n 2s _ 2s+4
24 254+2  s242s+2 242542
K, K
Cs4+1—41  s+1+741
We find that, K =V2 /—45°

V(s) = V2 [—45° _+>\/§'fr45°

Hence, - -
s+1—-3531 s+1431
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_ B —0
We know that: gt { mfp + m/0 } = 2me~ " cos(bt + O)u(t)

st+a—jb s+a+jb

Hence, Vo (t) = 24/2et cos(t + 45°)u(t)

EXAMPLE ¥

(a) Convert the circuit in Fig. 5.34 to an appropriate s domain representation.

(b) Find the Thevein equivalent seen by 1€ resistor.

(c) Analyze the simplified circuit to find an expression for i(t).

i i1
@ e

5Q l (0

ImH

Figure 5.34

SOLUTION

—— 2mF

(a) Since the independent current source has u(t) in it, the circuit is not activated fort < 07. In
otherwords, all the initial conditions are zero. Fig.5.35 (a) shows the s domain equivalent

circuit fort > 07.

a ‘ I(s)
sw@® g

0.001sQ

l 1)

L 50 o

T s

Figure 5.35(a)

(b) Sine we are interested in the current in 12 using the Thevenin theorem, remove the 12
resistor from the circuit shown in Fig. 5.35(a). The resulting circuit thus obtained is shown

in Fig. 5.35(b).
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Z(s) is found by deactivating the independent
current source. 50
500
Zi(s) = (54 0.001s)||— +0a 00
i : (D " ==°
_ 25(;0 +0.5s Q - _ o
0.001s* + 5s + 500 0.001s O
Referring to Fig. 5.35 (b),
3
Vils) = [Z(s)] Figure 5.35(b)
7.5 x 10% + 15
_ x 10° + 1500s Volts () )
s(s% 4 5000s + 5 x 105) ‘ — o
The Thevenin equivalent circuit along with 12 ‘ 1(s)
resistor is shown in Fig. 5.35 (c).
I(s) = V) Vo) C) § 19
Zt(S) + 1
7.5 x 105 + 1500s )
 5(s2 4 5500s + 3 x 106) o
6
7.5 x10° +1500s Figure 5.35(C)

(s +4886)(s + 614)
Using partial fractions, we get

2.5 n 0.008 _ 2.508
S s+ 4886 s+ 614

Taking inverse Laplace transforms, we get

i(t) = (2.5 4 0.008e 4886t _ 2 508 ~614%) 4 (¢) A

Check:
i(0) = 2.5+ 0.008 — 2.508 = 0
and i(00) = 2.5.
These could be verified by evaluating i(t) at ¢ = 0 and ¢ = oo using the concepts explained in

Chapter 4.

S|, 5.23
Refer the RLC circuit shown in Fig. 5.36. Find the complete response for v(t) if ¢ > 0T. Take

v(0) = 2V.
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2 cos 4tV 9 T_

Figure 5.36

SOLUTION
Since we wish to analyze the circuit given in Fig. 5.36 using KVL, we shall represent . and C' in
frequency domain using series circuits to accomodate the initial conditions. Accordingly, we get
the frequency domain circuit shown in Fig. 5.36 (a).

Applying KVL clockwise to the circuit shown in Fig. 5.36 (a), we get

—2s 9 2
32+16+<6+5+§>I(8)+§:0 60 ;
—32 +
= I(s) =
(®) (52 + 65+ 9)(s2 + 16) 1(s)

Hence, V(s) = I(s) [g] 2 e

4+ =
S 25 < Vis)
92 _988% §2+42 -

= — O 2 +
s T SG 1322 1 10) w02 <_> l

Using partial fraction, we get

\_/

V(e):er ﬁJr Ky n K3 + Ky N K; Figure 5.36(a)
Coos ls o s43 0 (5437 s—jd 0 s+jd

Solving for K1, Ko, K3, and K4, we get

-9
K - 88 L,
(s +3)%(s% +16) |,
K2 — i ﬂ —929
ds |s(s24+16),__4
—288
Ky= ——«+ =3.84
57 5(s2+ 16) R
Ky = —288 = 0.36 /—106.2
1= s(s+3)2(s + j4) s:j4_ : :
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Therefore

2 2 2.2 3.84 0.36 /—106.2  0.36 /106.2
V(s) = + + 5+ —= | :
s s s$+3 (s+3) s—j4 s+ j4

Taking inverse Laplace Transform we get,
v(t) = 2.2e73t 4 3.84te™3t 4 0.72 cos(4t — 106.2°)

Verification:
Putting £ = 0 in the above equation

v(0) = 2.2 4 0+ 0.72 cos(—106.2°)
=22-02=2V

(The same quantity is given in the problem)

5.8 Waveform synthesis

The three important singularity functions explained in section 5.3 are very useful as building
blocks in constructing other waveforms. In this section, we illustrate the concept of waveform
synthesis with a number of exmaples, and also determine expressions for these waveforms.

EXAMPLE W&

Express the voltage pulse shown in Fig.5.37 in terms of unit step function and then find V (s).

Also ﬁndée{dv—(t)}.
dt

V(1)

\l

0 1 2 3 4
Figure 5.37

w4

SOLUTION
The pulse shown in Fig. 5.37 is the gate function. This function may be regarded as a step function
that switches on at ¢ = 2 secs and switches off at ¢ = 4 secs.
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v, (6 V(1)
51
+
I I > i i i i !
0 1 2 3 0 1 2 3 4 5
-5 =+
Figure 5.37(a)
dv(r)
dt
Referring to Figs. 5.37 and 5.37 (a), we can write T
v(t) = v1(t) + va(t)
= v(t) = dbu(t — 2) — bu(t — 4) 5 | ! | ' 1
5 1 2 3 4 5
Hence, V(s)= e % — §6_45
s S
5
—_ = [6—25 _6—43] -5 +
s
Taking the derivative of v(t), we get Figure 5.37(b)
do(t
% = 5[8(t—2) — 6(t — 4)]

du(t
Fig. 5.37(b) shows the graph of ZE‘ )

We can obtain Fig. 5.37(b) directly from Fig. 5.36 by observing that at ¢ = 2 seconds, there is

a sudden rise of 5V leading to 56(t — 2). Similarly, at ¢ = 4 seconds, a sudden fall of 5V leading
to —56(t — 4).

We know the Laplace trasnform pair

L5t — a)} = e ™ L{5(1)}

— e*(,'lrS

Hence, Q{dii—it)} =5 [6_23 —e_4s]
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EXAMPLE

Express the current pulse in Fig.5.38 in terms of the unit step.

Find: () £ {i(t)} () L{ [i(t)dt}.
i)

5
| | -

0 1 2 3 4

-5 +
Figure 5.38
SOLUTION
i) i»(1) i, (D+iy(0)
+ =
> 5
> : > : >
0 0 1 2 0 1
-5 +

_10 -

Figure 5.39(a)
i, (D+i,5(0) i3(1) i)
5 51 r 5
I > : : : 1 f } -1
0 1 0 1 2 3 4 0 1 2 3 4
-5 + -5 +

Figure 5.39(b)

Referring to Figs. 5.39 (a) and (b), using the principle of synthesis, we can write

Z(t) = ’il(t) + ig(t) + ’Lg(t)

= 5u(t) — 10u(t — 2) + Su(t — 4)
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The Laplace transform of the above equation yields

5 10 )
I(S) _ < _ Te—Qs + ;6_45
— |:1 _ 26725 + 6743]

<

g
=2 e
Let f(t) = / i(t)dt
then, f(t) = / [Bu(t) — 10u(t — 2) + Su(t — 4)]dt

=5r(t) — 10r(t — 2) + 5r(t — 4)
= [1(t) + f2(t) + f3(1)

The function f1(%) is a ramp of slope = 5 as shown in Fig. 5.39 (c). To this, if we add a ramp
of slope = —10, the effect of this addition is, we get a ramp of slope =5 —10 = —5 for t > 2 secs
till we encounter the next ramp. At ¢ = 4 seconds, if we add a ramp with a slope of +5, the net
slope beyond ¢ = 4 seconds is —5 + 5 = 0. Thus figure f(¢) is drawn as shown in Fig. 5.39 (d).

[® L@ FO+H0

o) slope =5 slope =-5

4

QOQQ + —]

Figure 5.39(c)

L{f(t)} = F(s)
=L {5r(t) — 107 (t — 2) + 5r(t —4)}
5 96723 5 6743

e et Tt
5
:§[1—2e 25 e
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Ji+f(0) S0
+ slope =5
I I | 1 i i I | I I i
0 AN 0 1 2 3 4 5 6
f
I I I I——
0 1 2 3 4
Figure 5.39(d)
VIR 5.26
Express the sawtooth function in terms of singularity functions. Then find £{v(t)}.
v(1)
5
, > !
ol
Figure 5.40

SOLUTION
There are three methods to solve this problem.
Method 1:
The function vy (%) is a ramp function of slope = +5. This slope +5 should continue till ¢ = 1
second. Hence at t = 1 second, a ramp of slope t = —5 is added to v1(t). The graph of

v1(t) + va(t) is shown in Fig. 5.41(a). Next, to vi(t) + va(t), a step of —5V is added at ¢t = 1
second.
Hence, v(t) = vi(t) + va(t) + v3(t)
=5r(t) —5r(t—1) —5u(t—1)
) 5 5

V(s) = ée{f‘(t)} = ? - S—Qe_s _ ;e—s
)
=g ll-e—se]
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V,(1) V1 ()+0,()
5L 7 54
$
0 o 0 0 T
51
Figure 5.41(a)
V(H+0,(1) V5(0) L, (D+0,(D+05(1)
S+ 5T = 57T
1 1 — 1
0 1 2 0 1 2 0 1 2
-5 +
Figure 5.41(b)
Method 2:

This method involves graphical manipulation.

V(1)
“
5T é‘/l X
Y
— >
0o 1 2

,(1)

V(1) =0,(1) Vy(0)

o
\

Figure 5.41(c)

374



The equation of a straight line passing through the origin is y = max, where m = slope of the
line. This allows us to write v1(¢) = 5t. From Fig. 5.41(c), we can write

v(t) = vi(t)va(t)
= b5t [u(t) — u(t — 1)]
= btu(t) — Stu(t — 1)

=5tu(t) —5(t — 1+ Du(t —1)
=5tu(t) —5(t — u(t — 1) — 5u(t — 1)
=5r(t) = 5r(t —1) — 5u(t — 1)
5 —s —s
Hence, Vi(s) = 2 [1—e ®—se?]
Method 3:
v,()=5r(1) Oy (t)=u(~t+1) V(1) =0, (V1)
54 >< — 5+
ot
1t 0 || —1 =1
0 1 2 1 2 0 1 2
Figure 5.41(d)

This method also involves graphical manipulation. We observe from Fig. 5.41(d) that v(t) is a
multiplication of a ramp function and a unit step function.

Thus, v(t) = vy (t)ve(t)
= 5r(t) [u(—t + 1)]

5(1) V(1) y(1)
+ =
1 1
1 et -
0 1 2 0 1 2 0 1 2
-1 L
Figure 5.41(e)
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From Fig. 5.41(e), we can write

V9 (t) =3 (t) + v4(t)

= va(t) =1—wu(t—1)
= u(—t+1)=1—u(t—1)
Hence, (t) 5r(t) [1 — u(t — 1)]
=5r(t) — 5r(t)u(t — 1)
We know that, r(t) = tu(t
Hence, v(t) =

r(t) = 5(t — 14+ Du(t)u(t — 1)
r(t) = 5(t — Du(t)u(t — 1) — Su(t)u(t — 1)
Please note that, u(t)u(t — 1) = u(t — 1) [Refer Fig. 5.41(f)]

(t)

(t)
5r(t) — Stu(t)u(t — 1)
= br(t)
=5r(t)

u(t) u(r=1) u(r) u(t=1)
X =
1 1+ 1
I —1 —1 T I !
0 1 2 0 1 2 0 1 2
Figure 5.41(fH)
Thus, v(t) =5r(t) = 5(t — Lu(t — 1) — 5u(t — 1)
=5r(t) —5r(t —1) —5u(t — 1)
5 —s —s
Hence, V(s) = 2 [1—e*—se*]
EXAMPLE gs¥¥
Given the signal
3, t<0
z(t) = -2, 0<t<l
2% — 4, t>1

Express z(t) in terms of singularity functions. Also find £{z(t)}.

SOLUTION
The signal () may be viewed as follows:
(i) in the interval, ¢ < 0, z(t) may be regarded as 3u(—t)
(ii) inthe interval, 0 < ¢ < 1, z(t) may be viewed as —2[u(t) — u(t — 1)] and
(iii) fort > 1, z(t) may be viewed as (2t — 4)u(t — 1)
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Thus, z(t) = 3u(—t) — 2 [u(t) —u(t — 1)] + (2t — 4)u(t — 1)
= z(t) =3[1 —u(t)] —2u(t) + 2u(t — 1) + 2tu(t — 1) — 4u(t — 1)
=3—-bu(t)—2u(t—1)+2(t -1+ 1)u(t—1)
=3—5u(t)—2u(t—1)+2(t — Du(t — 1) + 2u(t — 1)
=3 —5u(t) +2r(t—1)

P{z(t)} cannot be found because z(t) contains a constant 3 for —oo < ¢ < 0 (a noncausal
signal).

DV 5.28
Express f(t) in terms of singularity functions and then find F'(s).

fD

-3 4+
Figure 5.42
SOLUTION
To find f(t) for0 <t < 2:
Equation of the straight line 1 is
Y-y Y2—y1 fo)
xr— I - Tro — I
. . -+ (0,3
Here, y is f(t) and z is t. 3RS )straight line 1
Hence,
(3.0)
f(t)—3 —-3-3 / : —1
= 0 1 2 3
t—0 2—-0 ’\/\
_ 6= _6 -3 T
= 2f(t) —6=—6t straight line 2
= flt)y=3-3t (2.-3)
Figure 5.43
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To find f(t) for2 <t < 3:

Here,
f(t)—|—3_0+3
t—2  3-2
= ft)+3=3t—6
= ft)y=3t—-9
Hence
3—3t, 0<t<?2
f)=4¢ 3t—9, 2<t<3
0, otherwise

The above equation may also be written as :

f)=[B8-3t]u®)—u(t—2)]+[3t =9 [u(t—2)—u(t—3)]
=3u(t) —3u(t—2) — 3tu(t) + 3tu (t — 2) + 3tu (t — 2)
—3tu(t—3) —9u(t —2) +9u(t —3)
= f(t)=3u(t)—12u(t —2) — 3tu(t) + 6tu(t —2) — 3tu (t —3) + Ju (t — 3)
=3u(t)—12u(t—2) —3tu(t)+6(t—2+2)u(t —2)
“3(t—=3+3)u(t—3)+9u(t—3)
=3u(t) —12u(t—2) —3tu(t) + 6 (t —2)u(t —2)
+12u(t —2) =3t —3)u(t —3) —9u(t —3) + 9u (t — 3)
F(t) =3u(t) —3tu(t) +6(t—2)u(t—2)—3(—3)u(t—3)

Hence, F(s)=¢{f ()}
3_3 6 o5 3 _3s
s Tt et T

DGR 5.29
Express the function f(¢) shown in Fig. 5.44 using singularity functions and then find F'(s).

f)

Figure 5.44
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SOLUTION

Equation of the straight line shown in Fig. 5.45(a) is ft)
L) +1  —2+1
t—1  2-—1 | ; -
= fi)+1=—t+1 AR L
) = —t +-1
= f1 (f) t -
The above equation is for the values ¢ lying between 1 and 2. 42 /
This could be expressed, by writing (2-2)

straight line

f)=rf@)g(t)
Figure 5.45(a)

fi®

0 1 2

Figure 5.45(b)

= f)=—tut—-1)—u(—2)]
=—(t—1+Dut—1)+E—-2+2u(t—2)
=t —Dult—1)—u(t—1)+ (t—2u(t—2)+2u(t—2)
=—r(t—1)—u(t—1)+r(t—2)+2u(t—2)

Hence, F(s)=<L{f ()}
1 —s 1 —s 1 —2s 2 —2s
=——e " ——e "4+ —e + —e
52 s 52 s
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DV 5.30

Find the Laplace transform of the function f(¢) shown in Fig. 5.46.

)

Figure 5.46
SOLUTION
Method 1:
O]
+11 /\
o
14
S0
+1 4
/ .
IRV
Figure 5.47(a)
We can write, f)=rfalt)+ fa(t)
=sinntu (t) +sinw (t — 1) u(t —1)
™ 4 —s
Hence, F(s)=£L{f ()} = $2 1 72 + 52 +7T26
iy _
T 2+ a2 [1+e7]
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Method 2 :

3 7{ ) __0_1 IE\/Z 3’\

0 1
Figure 5.47(b)

Graphically, we can manipulate f(t) as
ft)y=1fct)g®)
=sinnt[u(t) —u(t —1)]
=sinntu (t) — sinwtu (t — 1)
=sinntu (t) —sinwt (t — 14+ 1) [u(t — 1)]
=sinntu (t) —sin(7r (t — 1)+ m)u(t—1)
=sinntu (t) +sinw (t — 1) u(t —1)

e S

Hence, F(s)=<L{f(t)} = 2 1 72 T2 T 2 e
=— " _+e
s2 + 2

EXAMPLE Esiell
Find the Laplace transform of the signal z(t) shown in Fig. 5.48.

x(1)

+1 4
AN

Figure 5.48
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SOLUTION

EANANES

Figure 5.49

Mathematically, we can write z(t) as

z(t)=z4(t)—xp(t)
=sinm(t—1)u(t—1)—sinw (t —3)u(t — 3)

s _s3 ’71' —3s
Hence, Llzt)y=X(s) = $2 + 71-2e 24 71'2€
L3 _ -3
=gzl —e™]

DAV 5.32
Refer the waveform shown in Fig. 5.50. The equation for the waveform is sin ¢ from O to 7, — sin ¢

1
from 7 to 2. Show that the Lapalce transform of this waveform is F' (s) = 21 coth <7;> .
s
Jo

1+
! ! ! >

0 T 2n 3n
Figure 5.50
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SOLUTION

f(t) is a periodic waveform with a period " = 7 seconds. Let fi(t) be the waveform f(t)
described over only one period. The Laplace transform of f(t) and fi(t) are related as

F1 (9)

F(s)=

T 1 — 5T

Let us now proceed to find F} (s). From Fig. 5.51 (b), we can write

fr®)=Ffa(t) + fp () K
=sintu (t) +sin (t — ) u (t — m)
1 1 1+
= F[F(s)=———+ ———e "
1(5) 211 241"
(1+e™) ——t—t—
> +1 0 T 2t 3n
F F;
Hence, F(s)=— (f)T = (f) Figure 5.51(a)
Lmemh  1=emm £,
1 +P—7I'S) A
= F(s)= ( _
(s241) (1 —e ™)
ws/2 —ms/2 +1 —
—x5/2 [e +e ]
1 € /4 ) /\
T s ws/2 —7s/2 1
sl e7'ws//2[e /_26 /] 0 ﬂ?\/Zn '\in
s -1 !
1 cosh <?) o |
= F(S) = B :
52 + 1 ginh (E) |
2 |
1 1 :
= coth (E> |
s2+1 2 ! N
!
0 1It 2n\/3n
EXAMPLE EeXE Figure 5.51(b)
Find the Laplace transform of the pulse shown in Fig. 5.52.
A0
V0 ——\
| | » 7

1

2 3

Figure 5.52
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SOLUTION
We can describe Fig. 5.52 mathematically as

_ V,, 0<t<?2
f(t)_{ Vot +3V,, 2<t<3

The expression for f(t) for 2 < ¢t < 3 is obtianed as follows :
Equation of a straight line between two points is given by

Y-y Yo —y1

xr— I ro — I
In the present context, y = f(t),z =1, (z1,y1) = (2,V,) and (22, y2) = (3,0)

f(t)—Vo_O—V(,
t—2  3-—2
= ft)=—=Vit+ 3V,

Hence,

The time domain expression for f(t) between ¢ = 0 and 3 could be written using graphical
manipulation as

fF@)=Vo[u(t)—u(t—2)] 4+ [-Vot +3Vp] [u(t —2) —u(t — 3)]

The first term on the right-side of the above equation defines f(t) for 0 < ¢t < 2 and the
second term on the right-side defines f(¢) for 2 < t < 3.

F@)=Vou(t)— Vou(t —2)— Votu (t — 2) + Votu (t — 3) + 3Vou (t — 2) — 3Vou (t — 3)
—Vu(t) Vou(t—2)—V,(t—2+2)u(t—2)
+Vo(t—=34+3)u(t—3)+3Vou(t —2) — 3Vou(t —3)
=Vou(t) = Vou(t—2)—Vo(t —2)u(t—2) —2Vou (t —2) + Vo (t — 3)u(t — 3)
+3Vou (t —3) +3Vou (t —2) — 3Vou (t — 3)
=Vou(t)=Vo(t—2)u(t—2)+V,(t—3)u(t—3)
= ft)=Vou(t) = Vor(t—2)+ Vor (t —3)

Hence, F(s)=4{f®)}
[O iO —2s iO —3s
=y T g

VY=, 5.34
Consider a staircase waveform which extends to infinity and at ¢ = ntq jumps to the value n + 1,

being a superposition of unit step functions. Determine the Laplace transform of this waveform.
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SOLUTION
We can write,

F () =u(t)+u(t—to)+u(t—2t)+-

F(s)=<L{f(t)} = é + %e—tos + ée—%s +e

= % [1 4 e7f0% 7205 .. ]

Let e ™% =g
1 2

then F(s)==[l+z+az°+-]
s

From Binomial theorem, we have

(1—z) ' =1+4+z+2>+. -

1
Hence, F(S) = m
B 1
s (1 —e—tos)
VIS 535

f |
54+ —
4+
3+
2 -+
1
0 } } i } !
t(] 210 3f0 4f0 5[0

Figure 5.53

(a) Find the Laplace transform of the staircase waveform shown in Fig. 5.54. (b) If this voltage

were applied to an RL series circuit with R = 1Q and L = 1H, find the current i(t).

()
4
3
2
1
i I i >
0 1 2 3 4 5
Figure 5.54
SOLUTION
(a) We can express mathematically, the voltage waveform shown in Fig. 5.54 as,
1, 1<t<?2
2, 2<t<3
v(t)=4q 3, 3<t<4
4, 4<t<5H
0, elsewhere
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or v(t)=ut—1)—ut—2)]+2[u(t—2)—u(t—3)]
+3u(t—3)—ut—4)]+4u(t—4) —u(t—>5)]
=u(t—1)4+u(t—2)+u(t—3)+u(t—4)—4u(t—5)

Taking the Laplace transform, we get

V() =1t be ¥ pett —ae ]
S

(b) Assuming all initial conditions to be zero, the time domian circuit shown in Fig. 5.55 gets
transformed to a circuit as shown in Fig. 5.56.

1Q s Q
R=1Q L=1H
(1) @ V(s) @
Figure 5.55 Time Domain Circuit Figure 5.56 Frequency Domain Circuit
From Fig. 5.56, we can write
Vi(s)
I(s)=
(s) =77
1 1 1 1 4
= J(s)=—— 5S4 ey~ 73 —4s _ —bs
W= Tiern” s+ 1)° sGs+1)° s(s+1)°
1 1 1 1 1 1
= I(s)= - — > —$ - — 1_23 - /—33
() [(9 s—i—l)P +<s s+1 ¢ Jr<s s—i—l)P

1 1
T - e—4s_4 1_ 1 6_5S
s s+1 s s+1

Taking the inverse Laplace transform, we get

i(t)=[u(t)—etu (t)]t_nti1 + [u(t)—etu (t)]tﬁti2 + [u(t) —e tu (t)]tﬂtfg
+ [u(t) — e tu ®],., ,—4 [u(t)— e tu (t)]t_>t75
=i(t)=1—e tD]ut-1)+[1—e ED]u(t—2)+[1—e ED]u(t-3)
+[1—e D] u(t—4)—4[1—e D] u(t—5)
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DNVII=E 5.36
A voltage pulse of 10 V magnitude and 5 y sec duration is applied to the RC network shown in
Fig. 5.57. Find the current i(¢) if R = 102 and C' = 0.05uF'.

v(t)

R
VWV
10V
— S|Ls — (1) <-_F> @ - ¢
.
Figure 5.57
SOLUTION
V11 Vy(Y) U
10 10+ — 10
! >/ -
Sus to=Sus
Figure 5.58(a)
Mathematically, we can express v(t) as follows : R
v(t) = v1(t) — va(t) ——AAN—

= 10u(t) — 10u(t — to)

Hence, V(s) Zi{l[)l(t_)}e_tos] vm(f) @ TG

S

Assuming all initial conditions to be zero, the Laplace

transformed network is as shown in Fig. 5.58(b). Figure 5.58(b)
V (s)
Is)=—7"
R+ —
+ Cs
10 (1 — e o)
=TT
R4 —
s [ + Cs]

387



10Cs
I — _ —tos
(s) s(RCs—l—l)( )
10 1 o
= N i (l—e fo%)
S RC
10 1 1
TR o - L ¢
S -— S —_—
RC RC

Taking inverse Laplace transform yields
10 — 10 —
i(t) = Eoeﬁt?u (t) — Eoefft?u (t) o
t—t—1o
10 - 10 =¢-to)
= Eoeﬁt?u (t) — Eoe o u (t —tg)
—(t—5x107%)

__ -t " )
i(t) =e0sx10 5y (t) —e 05x10°% 4 (t —5 x1076)

VY=, 5.37
Find the Laplace transform of the waveform shown in Fig. 5.59.

v ()
3__
2__ S
1__
I !
0 1 2
Figure 5.59
SOLUTION
3, 0<t<1
t) = !
v(®) { 2, 1<t<?
or v (t) =

Btlu(t) —u(—1)]+2[ut—1)—u(t—2)]

Btu(t) —3tu(t —1)+2u(t —1) —2u(t —2)

Btu(t) =3t —1+Du(t—1)+2u(t—1)—2u(t—2)

Btu(t) =3t —Du(t—1)—3u(t—1)+2u(t—1)—2u(t—2)
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v(t)=3tu(t) =3t —-—Dut—1)—u(t—1)—2u(t—2)
=3r(t)—3r(t—1)—u(t—1)—2u(t—2)

Hence, V(s)=<L{v(t)}
3 3 1., 2
A AL

5.9 The System function

The system function or transfer function of a linear time-invariant system is defined as the ratio
of Laplace transform of the output to Laplace transform of the input under the assumption that all
initial conditions are zero.

Hence, for relaxed LTI system, the response Y (s) to an input X () is H(s) X (s), where H (s)
is the system function. The system function H (s) may be found in several ways:

1. For a system defined by a linear differential equation, by taking Laplace transform of the

<

X(s)

2. From the Laplace transform of impulse response h(t).

differential equation and then finding the ratio

3. From the s domain model of a physical system like an electrical system.

SNVIZI=N 5.38
The output y(#) of an LTI system is found to be ¢ ~3*u(t) when the input z(t) is 0.5u(t).

(a) Find the impulse response h(t) of the system.

(b) Find the output when the input is z(t) = e~ u(t).

SOLUTION
(a) Taking Laplace transforms of =(t) and y(t), we get

V()= s X () =
Y (s)  2s
Hence H(s)= X(s)  5+3
C2(s+3)—6 6
= H(s)—W—Q—S_i_B

Taking inverse Laplace transform, we get

h(t) = 26 (t) —6e 3tu (t)
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(b) z(t) =e tu(t)

1
= X (s)= o)
Thus, Y (s) =X (s)H (s)
. 2s
C(s+1)(s+3)
K Ky
s+1 s+3
where K= 2s =-1
§+3 |-
— Q‘g i
27 % +1|__5 B
-1 3
Therefore, Y (s)= Pt + 13

Taking inverse Laplace transform of Y (s), we get

y(t) = —e "+ 373t >0
or y(t) = (—e™" +3e7%) ,u(t)

D=, 5.39

Determine the output v(t) for the circuit shown in Fig. 5.60.

R=1Q
—WM—T—0
+
—t +
V(=27 120( = IF ()
o
Figure 5.60

SOLUTION

The transformed network of Fig. 5.60 with the assumption that all initial conditions are zero is
shown in Fig. 5.61(a).
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1
V(s)=_1(s) R=1Q
AVAVAYAY, o)
1| Vi(s) +
s 1 _ 2 [+ A1
1+ 3 V(s)= 1 (_) @ =5 V&
V(s) 1 -
H S) = =
= (5) Vs(s)  s+1 °
Figure 5.61(a)

The inverse Laplace transform of H (s) is called the impulse response of the circuit and is

denoted by h(t).
h(t) = e tu(t)

I method :

From Convolution theorem, we have,

v(t)=h(t)*vs(t)

h(t)vs (t—7)dr

e Tu (1) x 2"y (t — 1) dr

=2t

u(T)u(t—7)dr

Let us compute the product u (7) u (t — 7) for different values of 7

, >0

1
0
w(t—r) = 1, t—7>0 or 7<t
N 10, t—T7<0 or T>t
1
0

, 0<T<t, t>0

H (t—7) = .
ence, u(t)u(t—r) , otherwise
u(T) u(t—1) u(t) u(t—7)
1 X 1 = 1
5 T 0 ; T 5 ; T
Figure 5.61(b)
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t

Therefore, v (t) =2e" / dr =2te™", t >0
0
= 2te tu (t)
IT method :
In the frequency domain, convolution operation is transformed into a multiplicative operation.
That is, V(s)=H (s) Vs (s)
1 2
X
(s+1) (s+1)
2
(s +1)?

Inverse Laplace transform yields,

v(t) = 2te tu(t) Volts

Reinforcement problems

R.P 5.22
Vo (:
(a) Find H (s) = VO gg)) for the circuit shown in Fig. R.P. 5.22. (b) Determine v,(t) when the
i S
intital current in the inductor is zero.
100Q 3mH
+
150Q
<+> V(1)
V(=100 u)V (
2mH

Figure R.P.5.22

SOLUTION
The Laplace transformed network with all initial conditions set to zero is shown in Fig. R.P.

5.22(a).
V, (s) =1(s)[150 +2 x 107%s]
B Vi (s) [150 + 2 x 10 35]
~ 100+ 3 x 10735 4+ 150 + 2 x 1035

Vo(s) 1.5 x10°%+2s
Vi(s) 2.5x105+5s

= H(s) =
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(b) Vo (s)=H (s)Vi(s) 1009 3x1073%Q
_ 1.5x10° 4 2s , 100
S 25%x10°+5s s
40 [s 4 0.75 x 10°] V(5= 20
= N
s[s+0.5 x 10°]
K n Ky
s s+0.5x 105

Figure R.P. 5.22(a)

40 [s +0.75 x 10|
h K= =6
where P w05 <107 | 0
40 [s 4 0.75 x 10°
o 5 ] — _20
5 s=—0.5x105
60 20
Hence, Vo (s) =

s s+0.5%x10°

Taking inverse Laplace transform, we get

vo (t) = [60 —20e~0-5X105t] 4 () Volts

N 523
Refer the circuit shown in Fig. R.P. 5.23. The switch closes at ¢ = 0. Determine the voltage v(t)

after the switch closes.

t=0
o—
2Q 2Q
AAYAA nd VAVAVAY,

i i(t)
+
8V (ﬁ) IH v()==1F

Figure R.P. 5.23

SOLUTION
The switch is open at £ = 0~ and closed at £ = 0. Let us assume that at ¢ = 0™, the circuit is in
steady state. The circuit at ¢ = 0~ is shown in Fig. R.P. 5.23(a).
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2Q 2Q

i(07)

(D)
;

Figure R.P. 5.23(a)

Referring to Fig. R.P. 5.23(a), we get
8
1(07)=——==2A
07 =333
v (0_) =0
From switching principles, we know that the current through an inductor and the voltage
across a capacitor cannot change instantaneously. Therefore,

i(0)=i(0")=i(07) =2A
and v(0)=wv (O+) = (O_) =0V
We shall solve this probelm using nodal technique. Hence, in the frequency domain, we will

use the parallel models for the capacitor and inductor because the parallel models contain current
sources rather than voltage sources. The frequency domain circuit is shown in Fig. R.P. 5.23(b).

—o—0—AW

b SNOREE S

h.m
()

Figure R.P.5.23(b)

KCL at node V (s) :
8
Vis) — =
(8) = Vi), V() 2
2 s 1 s
s
1 1 4 2
v —+ -+ =-—=
= (9)[2_‘_34—9] s s
s+2+2s%] 2
V (: = -
~ (g)[ 2s ] S
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4

=~ V= se e
2
T 24055+ 1
B 2
524055+ (0.25)2 — (0.25)% + 1
B 2
(54 0.25)% + (0.96824)?
__2 0.96824
0.96824 (54 0.25)% 4 (0.96824)>
5066 0.96824

(5 +0.25)% + (0.96824)>

‘We know that,
£_1 {m} = e_bt sin at u (t)

v (t) = 2.066e 925t sin (0.96824t) u (t) Volts

Hence,

RN 5.24
Find the impulse response of the circuit shown in Fig. R.P. 5.24.

H . V0 _
— 0T —VWWV
20

V(1) <t> % 40 <¢ 2F == v, (1)

Figure R.P. 5.24

SOLUTION
The frequency domain representation of the circuit is shown in Fig. R.P. 5.24(a) by assuming that
all initial conditions to be zero.
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+
V,-(s)(f) %Vg(s) <¢ % = Vs

Figure R.P. 5.24(a)

KCL at node a:
V1) | Ty ), Vel
2s
R AU O ACEIC PR
= V(:()[;JF;JFQS]—VZ) [ ;
= Vo () [1+2s] — V3 (s) =
KCL at node b:
Vi (s) = Vi(s) N Vo(s) = Vals) _,
s 2
- V)| 5|+ [+ 5] - E
. RACICEL YRR G
= SV (s) + (2 5) Vi () = 2Vi (s)

Putting the above nodal equations in matrix form, we get

e [N Y

Solving, we get
2V; (s)

Va(s) = 24 s5+4s+252 — s
N Va (s) _ 1
Vi(s) (s+ 1)2
Given vi(t)=0(t) = Vi(s)=
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Hence, =
| L (s+1)°
1
= Va(s) = 5
(s+1)

Taking inverse Laplace transform, we get

Ve (t) = h (t) = te tu (t)
N 525

Find the convolution of h (t) = t and f(t) = e " for ¢t > 0, using the inverse transform of
H (s) F (s).

SOLUTION 4
h(t)f(t)=<L "{H(s)F(s)}
where H(s)=%{h(t)} = é
1
F(s)=2{f ()} = o
1
Hence, H (8) F (5) = m
K K K3
s + 2 s +
Solving the partial fractions yields
1 . 1 1
Klz__Q, KQ:E’ KSZQ
-1/1 1/1 1 1
Hence, H(s)F(s):E(:> +;<§> +§(S+a>
= h(t)*f(8) =L {H (s) F (s)}

1 1 1 .,

I

R
_[M+a+af ]Mﬂ
R.P 5.26

Consider a pulse of amplitude 5V for a duration of 4 seconds with its starting point ¢ = 0. Find

the convolution of this pulse with itself and draw the convolution z (¢) * z (t) versus time.
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x(1)

0 4

Figure R.P. 5.26(a)

SOLUTION Y(O)=x(1)#x(1)
z(t) =5u(t) —bu(t—4)
5 9
= X(s)=2=— e
s s
Let y(t)=z(t)*xx(t) >

(
Taking Laplace transform, we get

Y (s)=X(s) X (s)
IR

= e J—
s s2 s2

Figure R.P. 5.26(b)

Taking inverse Laplace transform, we get

y(t)=25tu(t) —50(t —4)u(t—4)+25(t—8)u(t—38)

Hence, y(t) = 257 (t) —507r(t —4) + 257(t — 8)
527
Ktr—l ‘—n,t K
Show that & ¢ = _
(r—1)! (s+a)
SOLUTION
Let f)=1
then F(s)= 1
s
d"F(s) (=1)"n!
Thus, dsn  snl
d"F (
We know that, Laf )} = (1" y fg)
on

With f(t) = 1, we get

n!
- gnt+l
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Putting n = r — 1, we get

r—1 (T — 1)'
L{tr1} = —
- 1!
and ég{tr_le_‘”‘} _ (r )r
(s+a)
K K
Therefore, N 7 {tr—l e—at} _ r
(r=1)! (s+a)
R.P 5.28
Tests conducted on a certain network revealed that the current was i(t) = —2e~* + 4¢3t when a

unit step voltage was suddenly applied to the input terminals of the network at £ = 0. What voltage
must be applied to get an output current of i(t) = 2¢ " if the network remains unchanged?

SOLUTION
Given, i(t) = —2e " +4e 3 ¢ > 0 when v(t) = u(t)
-2 4
H I(s) =
ence, (s) S+1+8+3
1
and V(s)= -

S

Laplace transform of the output
System function = H(s) = aprace ransiotm of The outpu

Laplace transform of the input
1(s)
= H(s)= V)
o 2s(s—1)
C(s+1)(s+3)

We have to find v(t) when i(t) = 2¢*.
First we will find V' (s) when I(s) =

I
P} using the relation H (s) = VZ))

Hence, 1% (s) —
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Using partial fractions, we find that K1 = —3 and Ko =4

-3 4
Hence, Vi(s)=—+

s s—1

= v (t) = —3u (t) + 4etu (t) Volts

Outcomes:

1. Use Laplace transforms to investigate the behavior of electric circuits.

2. Ability to analyze RLC circuits and other circuits driven by standard input functions which include
steps, ramps, impulses.

3. Be able to apply the Laplace transform technique to circuits which include initial conditions,
and solve for the time domain response.

4. Be able to solve for the transfer function of a system response using Laplace transforms.

5. Be able to calculate the response of a linear system to a input signal which is a
periodic & non-periodic pulse.

Resources:

1. http://en.wikibooks.org/wiki/Circuit_Theory/Laplace_Transform

2. http://www.ee.nmt.edu/~anders/courses/ee521f06/handout01.pdf
3. http://ocw.nthu.edu.tw/ocw/upload/12/244/12handout.pdf
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