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MODULE- 4: Design of Digital IR Filters

Structure

4.0 Objective

4.1 Introduction

4.2 Designof IR FiltersFrom Analog Filters

4.3 IR Filter Design by Impulse Invariance

4.4 |IR Filter Design By The Bilinear Transformation

4.5 Outcomes
4.6 Further Readings

4.0 OBJECTIVES

1. Students will design the IR Digital filter using Impulse invarience method
2. Students will design the IR Digital filter using Bilinear transformation
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4.1 Introduction

A digital filter is a linear shift-invariant discrete-time system that is realized using finite
Precision arithmetic. The design of digital filters involves three basic steps:

» The specification of the desired properties of the system.

» The approximation of these specifications using a causal discrete-time system.

» The realization of these specifications using _nite precision arithmetic.

These three steps are independent; here we focus our attention on the second step.

The desired digital filter is to be used to filter a digital signal that is derived from an analog
signal by means of periodic sampling. The speci_cations for both analog and digital filters are
often given in the frequency domain, as for example in the design of low
pass, high pass, band pass and band elimination filters. Given the sampling rate, it is straight
forward to convert from frequency specifications on an analog filter to frequency
speci_cations on the corresponding digital filter, the analog frequencies being in terms of Hertz
and digital frequencies being in terms of radian frequency or angle around the unit circle with
the point Z=-1 corresponding to half the sampling frequency. The least confusing point of
view toward digital filter design is to consider the filter as being specified in terms of angle
around the unit circle rather than in terms of analog frequencies.

|H(ed®)|
l \/_\ :
-8, |
Pass band Transition band | Stop band
82 _______________ _ ___________________ :\_/_\/\
w w T a

Figure 6.1: Tolerance limits for approximation of ideal low-pass filter
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A separate problem is that of determining an appropriate set of specifications on the digital
filter. In the case of a low pass filter, for example, the specifications often take the
form of a tolerance scheme, as shown in Fig. 4.1

1—6 <|H(e) =1, |w|=w,

| H(e™) | < B, we <|w|< 7

Many of the filters used in practice are specified by such a tolerance scheme, with no
constraints on the phase response other than those imposed by stability and causality
requirements; i.e., the poles of the system function must lie inside the unit circle. Given a set
of specifications in the form of Fig. 7.1, the next step is to and a discrete time linear system
whose frequency response falls within the prescribed tolerances. At this point the filter design
problem becomes a problem in approximation. In the case of infinite impulse response (IIR)
filters, we must approximate the desired frequency response by a rational function, while in the
finite impulse response (FIR) filters case we are concerned with polynomial approximation.

4.2 Design of IIR Filtersfrom Analog Filters

The traditional approach to the design of IIR digital filters involves the transformation of an
analog filter into a digital filter meeting prescribed specifications. This is a reasonable
approach because:

> The art of analog filter design is highly advanced and since useful results can be
achieved, it is advantageous to utilize the design procedures already developed for
analog filters.

» Many useful analog design methods have relatively simple closed-form design
formulas.

Therefore, digital filter design methods based on analog design formulas are rather simple to
implement.
An analog system can be described by the differential equation

N i A M B e
dvay,(t d*x, [t
E :('.[: f'- J = E :d.[: ﬂ_'- JI
= dtk P dtk
= = e mmm - 6.1
And the corresponding rational function is
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M 3
s Y.l 8
Ha(s) = Ef:f_n k ol 3)
k=0 CkS ra(5)
--------------------------------------------------------- 6.2
The corresponding description for digital filters has the form
N M
Z agy(n — k) = Z bpx(n — k)
k=0 k=0
------------------------------------ -6.3
and the rational function
H() = ﬂ_f:nhk-?_& _ Y(z)
o .jr?zn agz—%  X(z)
------------------------------------ 6.4

In transforming an analog filter to a digital filter we must therefore obtain either H(z)or h(n)
(inverse Z-transform of H(z) i.e., impulse response) from the analog filter design. In such
transformations, we want the imaginary axis of the S-plane to map into the finite circle of the
Z-plane, a stable analog filter should be transformed to a stable digital filter. That is, if the
analog filter has poles only in the left-half of S-plane, then the digital filter must have poles
only inside the unit circle. These constraints are basic to all the techniques discussed

4.3 1R Filter Design by Impulse Invariance

This technique of transforming an analog filter design to a digital filter design corresponds to
choosing the unit-sample response of the digital filter as equally spaced samples of the impulse
response of the analog filter. That is,

hin) = h,(nT)

-------------------------------- ---------6.5
Where T is the sampling period. Because of uniform sampling, we have
H(eeT 1 = Ho(ic _E‘.r.'g]
(e ) = ?k:z_:x. 272 +J? )
--------------------------------------------- 6.6
Or
Hi 1 = " i*.?r;
() |smpsr= = sl + j—Fk
(2) |zzesr Tk:Z_x s+ k)
----------------------- 6.7
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z—plane

Figure 6.2: Mapping of s-plane into z-plane

Where s = jo and Q=w/T, is the frequency in analog domain and o is the frequency in digital
domain.

From the relationship Z = €T it is seen that strips of width 2/T in the S-plane map into the
entire Z-plane as shown in Fig. 7.2. The left half of each S-plane strip maps into interior of the
unit circle, the right half of each S-plane strip maps into the exterior of the unit circle, and the
imaginary axis of length 2a/T of S-plane maps on to once round the unit circle of Z-plane.
Each horizontal strip of the S-plane is overlaid onto the Z-plane to form the digital filter
function from analog filter function. The frequency response of the digital filter is related to
the frequency response of the

Hy is2
0
1
£ «
i
(e )
. . T -
- - - LY - -
F e }-” s P g
o u\ e '\.‘ ‘.l' \‘
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—27 |0 i o

Figure6.3: lllustration of the effects of aliasing in theimpulse invariance techniqueanalog filter as
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Hie — Z 'i—jziﬂ‘]

l-.q

S — 6.8

From the discussion of the sampling theorem it is clear that if and only if

m

Q) = Q> =
Ha(52) =0, [Q]= =

Then

[

i 1 _

H(E) = =Ho(i7), |wl<n
Unfortunately, any practical analog filter will not be band limited, and consequently there is
interference between successive terms in Eq. (7.8) as illustrated in Fig. 7.3. Because of the
aliasing that occurs in the sampling process, the frequency response of the resulting digital
filter will not be identical to the original analog frequency response. To get the filter design
procedure, let us consider the system function of the analog filter expressed in terms of a
partial-fraction expansion

The corresponding impulse response is

Z ‘shf‘;—

k=1 B et e ---- 6.10
And the unit-sample response of the digital filter is then
N
hin) = hy(nT) = z Ape™ ™ u(n) Z " U (n)
k=1 6.11
The system function of the digital filter H(z) is given by
Z‘*: Ap
8k T —1)
A:] l — BXpr Bz JI' _______________________________________________ 6.12

In comparing Egs. (7.9) and (7.12) we observe that a pole at s=sk in the S-plane transforms to
a pole at exp*T in the Z-plane. It is important to recognize that the impulse invariant design
procedure does not correspond to a mapping of the S-plane to the Z-plane.
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Figure 6.4: Mapping of s-plane to z-plane corresponding to first backward-difference
approximation to the derivative

In contrast to the impulse invariance technique, decreasing the sampling period T, theoretically
produces a better filter since the spectrum tends to be concentrated in a very small region of
the unit circle. These two procedures are highly unsatisfactory for anything but low pass

filters. An alternative approximation to the derivative is a forward difference and it provides a
mapping into the unstable digital filters.

4.511R Filter Design By The Bilinear Transformation
In the previous section a digital filter was derived by approximating derivatives by differences.

An alternative procedure is based on integrating the differential equation and then using a
numerical approximation to the integral. Consider the first - order equation

f-'].{,f;“] + coya(t) = dpza(t)

Where y’a(t) is the first derivative of ya(t). The corresponding analog system function is

H, ["‘] — o

co + €18

We can write ya(t) as an integral of y’a(t), as in

t, |
Ya(t) = /I Yo t)dt + yalto)
Jia
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In particular, if t =nT and to = (n - 1)T,

nT )
va(nT) = [ yo(P)dr +ya((n— 1)T)

If this integral is approximated by a trapezoidal rule, we can write

4o(nT) = a((n — DT) + 2 [y (nT) + g, ((n — T

However, from Eqg. (7.20),
' ‘ dy
Yo(nT') = -——JﬁfnT’ . To(nT)

Substituting into Eq. (4.21) we obtain

y(n) —y(n—1)] = —[—— y(n) +yn—1)) + j—lf (n) + z(n — 1))]
C1

Where y(n) = y(nT) and x(n) = x(nT). Taking the Z-transform and solving for H(z) gives

Y(z) dp
H(z) = X(z) g +o2
“ ) -0 -1Triye:—T . 6.22
From Eq. (7.22) it is clear that H(z) is obtained from Ha(s) by the substitution
B 21— 271
T TT4 2
------------------------------ --------6.23
That is,
H(z) = Ha(s) |5=%.— —
N T 6.24

This can be shown to hold in general since an N™ - order differential equation of the form of
Eq. (6.1) can be written as a set of N first-order equations of the form of Eq. (6.20). Solving
Eq. (6.23) for z gives
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].—fr—JFj

T 1 — ja

e e 6.25
The invertible transformation of Eq. (7.23) is recognized as a bilinear transformation. To see
that this mapping has the property that the imaginary axis in the s-plane maps onto the unit
circle in the z-plane, consider z = €/, then from Eq. (7.23), s is given by

21— ¥
T1+e ¥
2 jsm(w/2)
T cos(w/2)

9
= —jtan(w/2)
TJ an(w/2)

= o+ ;0

| -} .
@ w2 tan {ﬂzl ]

-

Figure 6.5: Mapping of analog frequency axis onto the unit circle using the bilinear
Transformation

Thus for z on the unit circle, c =0 and Q and w are related by
T Q/2 = tan (0/2)
or
o =2tan -l(T Q/z)

This relationship is plotted in Fig. (6.5), and it is referred as frequency warping. From the
_gure it is clear that the positive and negative imaginary axis of the s-plane are mapped,
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respectively, into the upper and lower halves of the unit circle in the z-plane. In addition to the
fact that the imaginary axis in the s-plane maps into the unit circle in the z-plane, the left half
of the s-plane maps to the inside of the unit circle and the right half of the s-plane maps to the
outside of the unit circle, as shown in Fig. (6.6). Thus we see that the use of the bilinear
transformation yields stable digital filter from analog filter. Also this transformation avoids the
problem of aliasing encountered with the use of impulse invariance, because it maps the entire
imaginary axis in the s-plane onto the unit circle in the z-plane. The price paid for this,
however, is the introduction of a distortion in the frequency axis.

s-plane

z-plane

v pd \\ Image of s = jQ

s—plane

~—

Image of left &\m\ &

Figure 6.6: Mapping of the s-plane into the z-plane using the bilinear transformation
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Recommended questions with solution

QL
Design a digital band pass filter from a 2™ order analog low pass Butterworth
prototype filter using bilinear transformation. The lower and upper cut-off

frequencies for band pass filter are 51/12 and 7n/12 . Assume T = 2 sec. [12]
5
Sol. : ® = =
12
Q, = 2 tan !
: -
For T = 2
o,
Q, = tan—
: 2
/n
O, = —
12
o,
Q, = tan U
3

&

Analog low pass to band pass

s24+Q,Q,
s 5 — - 2 k1)
S(Q, -Q,)
Analog prototype is,
1
s* +4/25 41
Putting equation (1) in equation (2) and then to get bilinear analog to digital
21 . V=27
s — =
2+l 1427
Combining above two steps we get
[1 ; 7— 1 2
- +Q,Q
I 7 . =162
o, 1tz ‘ ] mT - e00,0427)
( 3/ o
= - 12 Q. -Q
[1 B }Sz“ —SZ»‘) ( )( u l)
L '
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1
1.2 1.2 712 =05 <1527
d-2 ) _‘;Q!Qu(“z 0 - o 5 T Y
(I-z “XQ,-%;)

H(z) =

1-z72)Q, -Q))

02
Shotw that the bilinear transformation maps.
1) The jQ axis in s-plane onte the unit circle, |z| = 1.
ii) The left half s-plane, Re (s) < 0 inside the unit circle, |z < 1|.
Sol. :
Im(s) = Q2 Im(z) z-plane
® é} @ Frene r=16=0
o<0 =0 o0>0 Unit r<1c<0
circle/r>1.o>0
o k_/ Al
Fig. 3
Here s = 0+jQ andz =re/®
Q3

Fig. 4 shows the frequency response of an infinite-length ideal multi-band real filter.
Find. h(n), impulse response of this filter. Present the sketch of implementation of
w(n) h(n) (Truncated impulse response of this filter) via block diagram. Where o (n)

is a finite length window sequence ? [12]
4 H(w)

e _—
1
1
Aq i
1
!
Axtccwasd e '
)
)

+ w
0 W W W3 Wy T«

Fig. 4
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Q4

We are interested to design an FIR filter with a stopband attenuation of 64 dB and
Aw=0.05n using windows. Provide the means to achieve precisely this attenuation
using suitable window function. [3]

Sol. : Hamming window will satisfy the stopband attenuation requirement i.e. 64 dB.
Because it has lower transition width.

Hamming window function is given by :

o(n) = 0.54- O.46cos[l 2% ] 0snsN-1
Q5
The transfer function of analog low pass filter is given by H(s) = z (s —11) :
(s™ =1)(s" +s+1)
Find H(z) using impulse invariance method. Take T = 1 sec. [6]
5 —1
Sol. : HE) = e )
(" =D(s” +s+1)
. (s-1)
s+ -1D(s* +s+1)
1

(s+1)(s2 +s+1)
1
(s +1)(s + 0.5~ j 0.866)(s + 0.5+ j 0.866)

E e &
s+1 s+05-70866 s+0.5+ 0866
Using practical fraction expansion, we get

C,=1 C,=0577¢77*% and C: =0577¢/*%

1, _0577¢ j2.62 . 0.577¢! %52
s+1 s+05-)0866 s+0.5+)0.866

H(s) =

The three poles are :
sy = -1, s,=—05+;0866 and s; =— 0.5~ j 0.866
We know that,
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3 C.
H@) = 3 —7—

I
|
l
|
l
|
i
|

Here C; = C,
1 0.577¢/%% 0.577¢/*
HE) = — 5+ — o 5 (0570866 1

1-e 2" T IR gt z

B Lo . 0sRRETRR . o onsTReitH

T T W 05T jG.866T -1 —05T -j0.866T _-1
l-e "z 1—¢ e z | e z

B 1 2(0.577)cos(-262)-2(0.577) ¢ 2 ™" cos(~262 - 0866T)
[~ 2 1 =0t cos(0.866T):-.'l e Vg

Multiplying the numerator and denominator of first term on RHS by z and by 1°
for second term on RHS, above equation becomes,

kg 154,977 cos(i" " 0.86(;&
H(Z) = ~:ff_,+f_,,_ 8]

z—p 22 — 267937 (0s(0.866T)z + ¢

T

In terms of sampling interval T = 1, transfer function is,

1 -2

-1 -2 -3
l1-a,z -a,z" —a,z

H(z) =

Where b, = —2¢°T cos(0.866T)+¢ " +1154¢ 7077 cos(%;«[ +0.866T ]:1.0773

by = T +1154¢757 cos[1‘+o.8667‘ ]:0.1254

o]
a, = e +2¢7 cos(0866T)=11538
a, = — 1 =27 cos(0.866T)=— 0657

a; = e?' =01353
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Q6

Design a linear phase high pass filter using the Hamming window for the following
desired frequency response.

Sol. :

Also,

Let

-j3m X <|wlsn

e (5}

h,(n) =

-
=
—
R
S—
1]

N =

_l_ ]E Hd((l))fj('md(l)
27 -

-Yt'."() -
l J ‘,?—;30 e omdm l (—;30) vum
2n - 2 -
. s
sin[{n —3)]—sin| =(n-3) || n#3
m_z,){ [x(n - 3)] [6( )ﬂ

1(5m,5m) 5
2RV6 B 6

7

Impulse response of FIR filter is :

hin) = ﬁﬂ.(f?](ﬂ(ﬂ}
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L J} nE3

{ —- sm[n(n - 3)] - smlié(n - S)H} { 0.54 - 0.46C()S( 2
1
= 4
3

2
0.54 — 046Lo =t Wea=3
6 B

n hy(n) o(n) h(n)

0 - 0.1061 0.08 0.0085
1 - 0.1378 0.31 0.0427
2 - 0.1592 0.77 0.1226
3 0.8333 1 0.8333
4 0.1592 G.77 0.1226
5 0.1378 0.31 0.0427
6 0.1061 I 0.08 0.0085

1.

Design a digital lowpass Butterworth filter using bilinear transformation method to
meet the following specifications. Take T = 2 sec.

Passband ripple < 1.25 dB
Passband edge = 200 Hz
Stopband attenuation > 15 dB
Stopband edge = 400 Hz

Sampling frequency = 2 kHz [12]
Sol. : Q, = 2nx200=400nrad/sec
Q, = 2nx400=800mrad/sec
iy = L

: —=—sec
* T 7 72000
0p = QpT, = 4001x—— = 02 nrad
| 2000

1

o, = QpT 8007 x = 04 rrad
2000

S
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Given : T = 2 sec.
Q'P = % tan 2 = tan 9_2_1: =(0.3249
T 2 2

Q. = Ztan| L Ltanf 227 )=07265
i 2

log[(107*P/1? —1)/107/ —1)]

N =
2l0g (Q' /22)
. Iog(0.3335/39.6228) — 28083=3
210g (0.3249/07265)
Qp
Q. = = 1.7688

c

(o P _qyVeN

Referring to normalized lowpass butterworth filter tables
1

(s +s+1)(s+1)

H,(s) =

The required prewarped analog filter is obtained by applying lowpass to lowpass
transformation.

Hy() = Hy(s), s

2
G e
(s +s+1)(s+1)| _s

CR

8 2

252+4s+8](s+2)
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+8s+8

]

Applying bilinear transformation to H (s)

W
—_—
—
~
[l
—
——
¢
o~
s
s
-

Further Readings

1. nptel.ac.in/video.php?subjectl d=117102060
2. www.journal s.el sevier.com/digital-signal-processing
3. www.dspguide.com/whatdsp.htm
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