Fourier Transforms

The infinite Fourier transform of a real valued function f(x) is defined by

F ( f (x)) = f f(x)e™™ dx,provided the integral exists.

The inverse Fourier transfoogm of F(u) denoted by

F7Y(F(w) = % F(uw)e ™ dy

— 00



* Applications:

* |dentification of Earthquake induced damage areas using FT&SPOT, HRVIR pan
images in civil.

* It is used to convert any periodical signal in time domain to frequency domain is
used in random vibrations & turbulent flow situations

* Use od an oscillator to produce sinusoidal motions whereby the stiffness and the
mass distribution are tuned such that a particular natural frequency coincides
with excitation and response frequency.

* F(JW) is defined by F.T of f(t), it provides a frequency domain representation of
the non-periodic function.

* Fourier Transform can solve by MATLAB

To find the system is stable and impulse response does not possess a F.T



* If f(x) is defined for all positive values of x, we define

c F(f(x)) = fooo f (x)cosuxdx---Fourier cosine transform

* f(x) = %fooo E. (f(x))cosuxdx---lnverse Fourier cosine transform

. Fs(f(x)) = fooof(x)sinuxdx—-—Fourier sine transform

* f(x) = %fooo F.(f (x))sinuxdx---Inverse Fourier sine transform



Find the Fourier transform of the function

(1, x| < a 00 Sinx
flx) = {O, x> a ,hence Evluate f dx.
Solution:

F(f() = -, f(x)e™ dx,
= fa 1.e™dx
l fux]® etua e‘iua __ 2isinau __ 2sinau
T w u

To evluate fo de apply inverse F.T

flx) = %fjooo F(u) e~ *du,

1 oo 2sinau

2T ©— u

Put x=0 and a=1, we get
1 — _J-OO sinu _iuodu’

F(u) is an even function and replace u as x

2 oo sinx
1= ;fO dX,

X

VA 0o Sinx
=72 dx
2 fO x

e~ iux gy

Find the Fourier transform of the function

_ 1—x? le <1 xXcosx—sinx x
f(x) —{ 0, x| > 1 ,hence Evluatef —5 cos (E) dx.

Solution:

F(f(x)) = f_oooof(x)eiuxdx = f_ll(l — x2)e™Xdx

iux iux ux11
=[5 - 2o - 28]

31,3
Bu3|_y
. u e ettt 2 e”iu 2 e~ ™| _ 4acosu | 4sinu
iud —u? iud —u? us

—4(ucosu-sinu)
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To evluate f 0s (g) dx apply inverse FT

)

1 (o —4(ucosu—sinu)e_iuxd . {1 — x? lx| <
0, [x] >1

2m Y —0 us
1
Putx = - we get
3 o —4(ucosu—sinu iy
=== f ( Lo du
4 u3

3m J-oo 4(ucosu—sinu)

8

u .. u
S (cos — — isin —) du,
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F(u) is an even function and replace u as x
-3 0 4(xcosx—sinx x
— =2 fo Q(cosz) dx,

8 x3

-3 0 4(xcosx—sinx) ( x)
— = ———— (cos=)dx
16 fO x3 2 ’



Find the Fourier sine transform of

oo xsinmx
e~ ™land hence show that | —

e~

Solution:

X being positive interval(0, ), el = ¢=*

F(f(x)) = fooof(x)sinuxdx
= fooo e X

sinuxdx

(o]

1
1

===

T 1+u?

1+u2
Apply inverse Fourier sine transform

f(x) = %fooo F;(f (x))cosuxdu

ex =271
Y0 1+u?
— 2 po0
eTMm==
7’0 1+

%e_m - fooo

1+

m
dx = 5 ,m>0.

. _ . 11, 0=5x<2
Find the Fourier sine and cosine transform of f(x) = { 0, x>2
Solution:

0 .
F(f(x) = Jo f(x)sinuxdx
2 . —Ccosux 2 —cos2u+cos0 1—cos2u
= [ sinuxdx = [ ] = =
0 u 0 u u
(00)
F.(f(x) = Jo f(x)cosuxdx
2 sinux]? sin2u—sin0 sin2u
= [ cosuxdx = [ ] = =
0 u 0 u u
x, 0<x<1
Find the Fourier Cosine transformof f(x) =<2 —x, 1 <x <2
0,x>2

Solution:

F(fx) =] Ooo f(x)cosuxdx

= foz f(x)cosuxdx = fol xcosuxdx + [ 12(2 — x)cosuxdx

_ [xsinux —cosux]1 n [(Z—x)sinux —(—cosux)]2
u? 1y u u? 1
sinu = cosu cos0  (2-2)sin2u  cos2u (2-1)sinu  cosu
= + 2 0-— + I ( T2
u u u? u u u u
sinu cosu 1 cos2u sinu n cosu
u u? u? u? u u?
-9 cosu  cos2u 1

u? u? u?
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Find the Fourier cosine transform of e “2¥ + 4¢=3%

Solution:
F.(f(x)) = fooo f(x)cosuxdx

— fooo(e‘zx + 4e73* cosuxdx

oo

46—336'

(—3)2+u?

e~ 2% :
= —2cosux + usinux) +

I (—3cosux + usmux))]

0

e™" . 4e~0 ,
=0 — [(_2)2+u2 <—2005u0 + usin0) + STV (—3cosu0 + usmuO))]
-2 4
- [(—2)2+u2 T (—3)2+u2 (_3)]
[ 2 12 ]
CLl(=2)2+u? T (-3)2+u?

[ 2 12]
44+u?2  94+u?



( xfor0<x<1

Find the Fourier cosine transformof f(x) =<2 —x for 1 <x <2
\ 0forx>?2

Solution:

Fourier cosine transform of f(x)
F.(f(x)) = fooo f(x)cosuxdx
= fol xcosuxdx + | 12(2 — xcosuxdx + fzoo Ocosuxdx

= [ 01 xcosuxdx + | 12(2 — x)cosuxdx + fzoo Ocosuxdx

sinux —cosux]?! sinux —cosux 2
_[x EE ]0+[(2_x) u - (=D 2 ]

u u 1
sinu cosu cos0 sin2u cos2u sinu cosu
= + 2 2 +(2 o 2) o 2 ( T2 )
u u u u u u u
sinu cosu 1 cos2u sinu cosu
— + 2 2 2 + 2
u u u u u u

2cosu 1 cos2u

u? u? u?



. . o0 11—, 0<5a<1 oo sin?t
Solve the integral equation fo f(@)cosabdl = { 0, a>1 Hence evaluate fo > dt
Solution:
1) l—a 0<5a<1
fo f(@)cosabdd = F.(a) = { 0 a>1 ————(1

By inverse formula , we have

() = %fooo E.(a)cosafBda = %fol(l — a) cosafda

1

. 3 '(1 _ a) sinaf —cosaG]
T oml 6 62 Iy

2| sin@ —cos6 sin06 —cos00
_n_(l_l) o T o _[9 E ”

-——-®
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62 nl o2 T (g)z
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Sub (2) in (1)

o 1 sinz(g) = = tmev=ast
X ;[ (g)z cosafdf = F.(a) = 0, a>1
2

Ieta=0and§=tand2dt=d9

oo [sin?(t)
N

Jae =3



