/-Transform

Defintion:
(00] (0.0
_ _ Un _ —n
zr(Uuy) = u(z) = o Unz
n=0 n=0

Application of Z-Transform
To identify the stability of the system by Region of converges using Z-
Transform.



Damping Rule

Ifzr(u,) = u(z) then for a constant a + 0
i) zr (@ ™uy,) = u(az)
ii) zp (a™u,) = u(z/a)

Shifting Rules
If k> 0then

1) z7 (Un_r) = 2~ *2(uy) forn = k,and
1) 27 () = 2%{2(Uy) = X2 o Upz ")
Note:

) 27 (tn—1) = ; 2(uy) for n > 1
i) zr(Up_y) = Z%Z(Un) forn =2
i) zp (Uy_3) = Z—132(un) forn =3
V) zp (Uny1) = 2{z(uy) — uo}

V) 27 (Uni2) = 2° {Z(Un) —Up — _}

V) 27 (ipy3) = 23 {2(un) —ug — 2 — 24}



nitial Value Theorem

Ifzr(u,) = tu(z)then lim u(z) = u,
Note: 5

Zlingo{z[ﬁ(z) —Upl} = uy

lim {zz [ﬁ(z) — Uy — =1 } = u, and so on

Z—00 Z

Final Value Theorem
Ifzr(u,) = u(z)thenlimu,, = lim(z — 1) u(z)

Z—00 Z—1



Determine the z- transform of the sequence

{un} = {k"}
Solution:
By definition
+ 2p(k™) = u(z) = i o Z)"

+ IfK=1,z,(1") = —



Transform of e®"

C e = zp((e)") = 22

Transform of coshnf andsinhnf

e coshnb = %(en(? +e7m9)

s sinhnf = %(em‘) — ™)

* zp(coshn®) = %ZT(enH + e—n@)

1 z 7
« —_ +
2 (z—e9 Z—e—9)

1 (Z(Z_e_e)+z(z—ee))

2 (z—e9)(z—e9)
« — 1 Zz—ze_9+ZZ_ZeG
2\ z2-ze"9-zef+1
. _z(_2z=(e"%+e%
2 \z2-z(e7%+e%)+1
z(z—cosh®)

z2-2zcoshB+1
zsinh@
z2-2zcoshB+1

* zp(sinhnB) =

Transform of cosn@ andsinn0

cosnf = %(einH + e—inH)
sinnf = %(eine — e—ine)

zr(cosnB) = %ZT(eine + e~in9)

z(z—cos6)
z2-2zcos0+1

. 1 . .
zr(sinn®) = EZT(emH _e me)
___zing
T 22-2zc0s6+1

. T

By putting 0 = ~, we get
2
T A
Z (cosn —) = —
2 z%+1

. T VA
Z (Smn—) = —

2 z2+1



 Transform of nP
* Let p be the positive integer, show

e 1 For p=1, z(n) = —Z%{Z(l)}
that z;(n?P) = —ZE{ZT(np_ )} _ d(z\ _ 1.(z-1)-z.1
Proof: - E( ) - _Z( (z—1)2 )

o Using RH.Szp(nP~1) =y nP~tz7™ z

~ (z-1)2
d _ e _ e
+ L {2p(PD)) = T2 g nP (~m)z

z—1

For p=2, z(n?) = —z%{zT(n)}

* Multiply —z both sides we get, d ( z ) z(z+1)
°o — —7 —
¢ 2L (P} = T2 P AEmDH D
dz 3\ _ d 2
p e Forp=3,z(n°) = —z—{z(n“)}
° P — — p_l dz
z(nP) = —z—{zr(nP™")}
dz d (z(z+1) z(z%+4z+1)
e This is a recurrence relation from *=—Z ( _ 3) — LY
which zy(nP)can be computed if z(nP~1) 4z \(z=1) (z=1)
T r * And so on

is known.



(="

(=D"(@)"

(=D"(e)*"
(@)”

coshnf

sinhnf

cosnf

z — e

z(z — coshB)
z2% — 2zcosh@ + 1

zsinh@
z2 — 2zcoshO + 1

z(z — cos0)

=
z? — 2zcosf + 1
n Z

(z - 1)?

zZ(z+ 1)

(z—-1)3
z(z> +4z+1)

(z —1)*

n2

nm
COS —

. nm
Sin—

(k)"n

(k)nnZ




Find the Z- transforms of the following:

Du, =—,n>01ii) u, = ,n=0
) U n' ) U n+1
L) U, = ,n >0, ) u,=—,n=0
) Un n(n+ 1) ) Un n!
* i) for n>0, e ji)forn =0,
. IN_yo 1 -n 1 1 _
or () = D2 20 () = Ty 2
e =, 141,21 3,1 -4, 1 1 1
sess _1 _2 _3
) 2 1§ 143 4 ° — 1+EZ +§Z +ZZ +....
GG C N R
1 2 3 4 . =Z(Z_ +-zZ “+-z °+-2z" +)
2 3 4
1
* = —log (1 — ;) * Using previous problem, the above
step can be written as

- 109 ()

[
|
o~
Q
Q
VR
N
a
N—"
I
(U
|
o~
Q
Q
N
N
s
(U
N——"
[ J



e jii) forn >0,

AT (n(n1+1)) — AT ((Z:nlj;;l)
t T IT (n(?n++11)) - n(nn+1))
—n )

= (3) =7 (55)

* iv) forn = O,ZT(l) =

n!
1

1 —
(00) i () —
Zn=1 n!Z €z

* Find the z-transforms of
0 (3) + (=3) + o
* Solution:
Q) () (0 o
= 4

Z a"?z
P ¥ t o Cas
2 773
27 3z a %z

2z—1 3z+1 z+a3




Find the z-transforms of

i) (3n + 5)% i) (2n — §)3

Solution:
. 2 _Z(z+1) z z
)zy(9n“ + 30n + 25) =9 1) + 30 Y + 252_1
3
ZT(ZTl—l) =Z(8n3 — 4n? +4—n—i)
3 3 27
. 82(zz+4z+1) . 4Z(Z+1) 4z 1 z
- (z—1)* (z-1)3 * 3(z-1)2 27z-1
Find the z-transforms of
3
n — sin (n—n + E) + (— l)
2 4 3
Solution:
3 3
DZr (n — sin (E + E) + (—1) ) = Zr [(n — sin‘=cos = — cos == sin= + (—1) l
2 4 3 2 4 2 4 3
:_ _minfookt _stodsing ()2 . F _7E ()
T (z-1)2 N 22—2200572—r+1 N 22—22005721+1 z-1 (z—1)2 T 2241 z2+41 z—1
3
z z 2 ()=

T @02 VZ(z2+1)  V2(z2+1) z—1



* Find the z-transforms of a™cosn@ + e~ *sinnf + e~ "n* + a "n
* Solution:

* By damping rule z; (a™u,) = u(az),z; (@*u,) = u(z/a)

e zr(a"cosnB + e~ Msinnf + e "*'n? + a "n)

z(z—cos@) zsinb z(z+1) .z

) z 2 3 N 2
z4—-2zcos0+1,_%2 z4-2zcosO+1 a z—1 a (z—1
Z—>a Z—Ze ( ) 7Zo7e ( ) 707
Z(Z .
. _ 5(5‘0059) - ze%sinf ze%(ze%+1)  az
— > n
(g) 2% 0s0+1 (ze?)2—-2ze%%0s6+1 (ze2-1)3 (az—-1)2
z(z—a%cos6) ze%siné ze%(ze+1)  az

z2-2azcos@+a? (ze?)2-2ze%o0sO+1 (ze@—1)3  (az—1)2



3z%2+z

Obtain the inverse Z transform of
(5z—-1)(5z+2)

Solution:

3z2+z Az n Bz
(52—1)(52+2)-_ 5z—1 5z+2
3z2 +z=Az(5z+2) + Bz(5z — 1)
3z+1=A05z+2)+B(5z—-1)

putz=%,weget§+ 1=A(1+2)

=34 implies A = 2

5 15
put z = _?z,we get#+ 1=B(—-2-1)
1 . . 1
o= 3B implies B = "
8 1
3z%2+z T 1=

(5z—-1)(5z+2) 5(z—§) 5(Z+§)

Apply inverse Z-Transform, we get

8 (1\" 2 2\
“n—7—5(§) +7—5(—§)

22%-77+7
(z—1)2(z-2)

Obtain the inverse Z transform of

Solution:
27%-77+7 A B C

(z-1)2(z-2) z-1 T (z-1)2  z-2

22> —7z2+7=A4(z—-2)(z—1)+B(z-2) +
C((z - 1)

put z = 2,we get 1 =C

put z = 1,we get — 2 =B,
Equating coefficient of z2, we get 2=A + C implies A =1

2z2-7z+7 1 -2 1 1 z 1 -2z
(2-1)2(z-2) =T (z—1)2 to 2T s 7 (z—1)2 +
Z

ZZ—-2
Apply inverse Z transform, we get

_1( 22°=72+7 \ _ in-1 _ n—1 n—1y —
27 ((2_1)2(2_2))_1 2n(1"1) + (21 =

0,n=0
1-2n+4+2"1n>1




Using Z-transform methods,

solve the difference equation y, 42 — 2y,,41 + ¥, = Osubjecttoy, =0,y, =1 s sub y,=3,y; =2

Solution: . 27 {y(z) -3- 2} —5z{y(2) = 3} = 3y(2) = 0
Apply Z-Transform S

« y(2)(2z> =5z—3)— 622 —4z+152=0
Zr(Yn+2 = 2Yn41+Yn) =0

Zz{@‘)’o—%}—zz{ﬁ—%}'FEZO
sub yo=0,y; =1
Zz{ﬁ—é}—ZZ{ﬁ}+ﬁ=O

2zZ+1 3 :2 1+ 3
y(2)(z2-2z+1)—2z=0 (2z+1)(z-3)  2z+1  z-
+ 6z—11=A(z-3)+BQR2z+1)

« y@QRz+1)(z-3) =622 - 11z

6z%-11z Az Bz

* Y= (2241 (z-3) _ 2241 R

* Dividing Z

6z—-11 A

Y@ ==
(z-1)? * Puttingz=3,7=7B—->B =1

Apply inverse Z-Transform, we gety,, = n -1 -1
. putz=7,weget—3—11 =A(7—3)

7 .. . _
Using Z-transform methods, ~l4 =y Aimplies A =4

solve the difference equation 2y, 42 — 5Yn+1 — 3y, = Osubjectto y, = 3,y; =2 . 62 11z _ 4 +-=
(2z+1)(z-3) 2z+1  z-3
Solution: 6z2-11z 4z z
- @)= 5

Apply Z-Transform @z+1)(z-3) 2(z43) Z-3

Zr(2Yn42 — S5Yn+1 — 3Vn) =0 * Apply inverse Z-Transform, we get

222 {y(2) - yo — 2} - 52{y(2) — yo} - 3y(@) = 0 © y=2(F) + e



Using Z-transform methods,

S{)Iyle the difference equation y,,.», — 5y,41 + 6y,
(5) subjecttoy, = 0,y; =0

Solution:
Apply Z-Transform

1 n
Zr(Vn+2 — SYn+1 + 6Yn) = Zr (E)

V4

Zz{m_yo—%}—Sz{m—%}‘F@@:T

Z—

Sub Yo = 0'3’1 =0

Z

22{y(@)} - 5z{y(@)} + 6y(2) ==

1
z=3
N Z
Z =
y(@) (z-)(z-3)(z-2)
z Az BZ cz
(z—%)(z—3)(z—2) - (z—%) + (z-3) T (z—2)

Dividing Z

2

1 A B C
z-)(-3)(z-2) (z-3) (2-3)  (z-2)

1=A(Z—3)(Z—2)+B(Z—%)(Z—2)+C(Z—%)(Z—3)

Sub z=1/2,
1 1 -5 -3
1—A(5—3)(5—2)—A74*7
— =4
15
Sub z=2,
1 3
1=c(2—5)(2—3)=65*51
__=C
3
Sub z=3,
1=B(3—%)(3—2)=B§*1
2
—_=RB
5
. A7 27 2y
_ _ 15 5 3
y(z) = 1 B 1 +(z—3) (z—2)
C-DE-Dz-2) (-7

Apply inverse Z-Transform, we get

N SANE P
m=15\2) 75 3



Using Z-transform methods,

solve the difference equation 2y, .5 — 3y,41 — 2y, = 6n + 1 subject to y, =

1, yl = 2

Solution:

Apply Z-Transform

ZT(Zyn+2 - 3yn+1 - Z:Vn) = ZT(6n + 1)

Z zZ

22 (y(2) ~ y0 ~ 2} 32 - o) ~ 29 = 65 +

Suby, =1y, =2

— 2 — — 6z+z%—-27
222 {y(z) -1- ;} —-3z{y(z) -1} - 2y(2) = =
2 _ _ _ 2 _ _SZ'I-Z2
v(z) 2z —3z—-2)—2z° -4z + 32—(2_1)2
— 2 oo oy _ 5z+z*+(22%+2)(2-1)?
v(z) 2z —3z—-2) = D2
—— _ 5z+z%+(2z2+z)(2%-2z+1)
y(@) = (z-2)(2z+1)(z-1)2
ﬁ _ 5z+z2+(2z*—4z3+222+2%-22%+2)
y\z) = (z-2)(2z+1)(z—1)?
—( ) _ 2z*-3z3+2%+62
yz) = (z-2)(2z+1)(z—1)2
Dividing Z
y(@) _  223-3z°+z+6 A B c D

z  (z-2)z+1)(z-1)2 ~ (z-1)  (z-1)2 @ (z-2) (2z+1)

223 =322 4+2z+6=A(z—-2)2z+1)(z—1)+B(z-2)2z+ 1) + C(z —



Using Z-transform methods, 3z2-5z+7

If u(z) = W,fmd Ug, U, Up, Usg.
solve the difference equation y,,., + 2y,, = 0 subjecttoy, = 1,y; =
\/% Solution: s 7
Solution: o . 322-5z+47 . 22(3_E+z_2)
uy = lim u(z) = lim >— = lim 5 =
Apply Z-Transform Zo® zow (2 —2) zo® z3(1 — 5)3

Zr (Yn+2 + 2yn) = z7(0)

S N _ B _ 3z2—-5z+7
72 {y(z) — Yo — %} +2y(z) =0 uy = lim {z[t(2) —uol} = lim {Z[ =27 ]}
Suby, = 1,y; = V2
5
—— V2) | oS z3(3-=
z? {y(z) —1- 7} +2y(z) =0 — lim z >
) (22 2 T B2
(@) (2 + 2)=z* 12z Uy z 322 —-5z+7 3
_ 1 2 (=00 0 N 2 i
e o= oo 2] [0 )

z2+42  zZ242

7
+Z_2):

y(@) =

2
We know that zy (cos nz—”) = zZZ+1 andzy (sin %) = ZZZ+1 . { ) [323 — 5224+ 7z-3(z—-2)3
= lim {z
n_ o nm\ _ z° _ z? n . nm\ _ V2z Z—0 z(z —2)3
Zr ( 2 cos— ) = Prigegz | 2247 andzy (\/f sin— ) =y
3 2 3 2
Z—00 (z—-2)

. S [13-24%
= lim{z 221 =13
Z—00 z3(1-7)3



Obtain the inverse Z- transform of e -8-16=-16B+16C

3
82—z ¢ -3=-2B+2C ---mmmem (2)
(4—2)3 .
. * Equating z, we get
Solution:
; X * 0=-8A+4B+4C
8z—z z°—8z
(4—2)3 ~ (z—4)3 * 2=B+C --omooeonooee (3) . ,
z3-8z _ Az B4z  C(4z°+162) e Solving2and3weget(C = " and B = "

(z-4)3 ~ (z-4) (z-4)%2  (z-4)3 —(1)

s * Substituting
Dividing z, we get

. z°-8z _  z |7 4z +l(4zz+16z)
z%2-8 _ _A B4 C(4z+16) (z-4)3  (z-4) 4(z-2)2 4 (z-4)3
(z-4)3  (z—4) (z-9?* (z-4)3  Apply inverse Z —transform, we get
z2-8  A(z—4)?+4B(z—4)+C(4z+16) | (2%-82 Lz 7 4z
—a)3 —4)3 ‘Z_( )=Z_( + - +
(z—4) (z—4) (z—4)3 (z—4) 4 (z-4)2

z?—8=A(z—4)2+4B(z—4) + C(4z + 16)
Equating z%, we get 1=A,
Put z=0, we get -8=16A-16B+16C






