
Fourier Transforms

The infinite Fourier transform of a real valued function f(x) is defined by

𝐹 𝑓 𝑥 = න

−∞

∞

𝑓 𝑥 𝑒𝑖𝑢𝑥𝑑𝑥, 𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑒𝑥𝑖𝑠𝑡𝑠.

The inverse Fourier transform of F(u) denoted by 

𝐹−1 𝐹 𝑢 =
1

2𝜋
න

−∞

∞

𝐹(𝑢)𝑒−𝑖𝑢𝑥𝑑𝑢



• Applications:

• Identification of Earthquake induced damage areas using FT&SPOT, HRVIR pan 
images in civil.

• It is used to convert any periodical signal in time domain to frequency domain is 
used in random vibrations & turbulent flow situations

• Use od an oscillator to produce sinusoidal motions whereby the stiffness and the 
mass distribution are tuned such that a particular natural frequency coincides 
with excitation and response frequency.

• F(JW) is defined by F.T of f(t) , it provides a frequency domain representation of 
the non-periodic function.

• Fourier Transform can solve by MATLAB

• To find the system is stable and impulse response does not possess a F.T



• If f(x) is defined for all positive values of x, we define

• 𝐹𝑐 𝑓 𝑥 = 0׬
∞
𝑓 𝑥 𝑐𝑜𝑠𝑢𝑥𝑑𝑥---Fourier cosine transform

• 𝑓 𝑥 =
2

𝜋
0׬
∞
𝐹𝑐 𝑓 𝑥 𝑐𝑜𝑠𝑢𝑥𝑑𝑥---Inverse Fourier cosine transform

• 𝐹𝑠 𝑓 𝑥 = 0׬
∞
𝑓 𝑥 𝑠𝑖𝑛𝑢𝑥𝑑𝑥---Fourier sine transform

• 𝑓 𝑥 =
2

𝜋
0׬
∞
𝐹𝑐 𝑓 𝑥 𝑠𝑖𝑛𝑢𝑥𝑑𝑥---Inverse Fourier sine transform



• Find the Fourier transform of the function

• 𝑓 𝑥 = ൜
1, 𝑥 ≤ 𝑎
0, 𝑥 > 𝑎

, ℎ𝑒𝑛𝑐𝑒 𝐸𝑣𝑙𝑢𝑎𝑡𝑒 0׬
∞ 𝑠𝑖𝑛𝑥

𝑥
𝑑𝑥.

• Solution:

• 𝐹 𝑓 𝑥 = ∞−׬
∞
𝑓 𝑥 𝑒𝑖𝑢𝑥𝑑𝑥,

• = 𝑎−׬
𝑎
1. 𝑒𝑖𝑢𝑥𝑑𝑥

• =
𝑒𝑖𝑢𝑥

𝑖𝑢 −𝑎

𝑎

=
𝑒𝑖𝑢𝑎−𝑒−𝑖𝑢𝑎

𝑖𝑢
=

2𝑖𝑠𝑖𝑛𝑎𝑢

𝑖𝑢
=

2𝑠𝑖𝑛𝑎𝑢

𝑢
.

• 𝑇𝑜 𝑒𝑣𝑙𝑢𝑎𝑡𝑒 0׬
∞ 𝑠𝑖𝑛𝑥

𝑥
𝑑𝑥 apply inverse F.T

• 𝑓 𝑥 =
1

2𝜋
∞−׬
∞
𝐹(𝑢) 𝑒−𝑖𝑢𝑥𝑑𝑢,

• =
1

2𝜋
∞−׬
∞ 2𝑠𝑖𝑛𝑎𝑢

𝑢
𝑒−𝑖𝑢𝑥𝑑𝑢,

• Put x=0 and a=1, we get 

• 1 =
1

𝜋
∞−׬
∞ 𝑠𝑖𝑛𝑢

𝑢
𝑒−𝑖𝑢0𝑑𝑢,

• F(u) is an even function and replace u as x

• 1 =
2

𝜋
0׬
∞ 𝑠𝑖𝑛𝑥

𝑥
𝑑𝑥,

•
𝜋

2
= 0׬

∞ 𝑠𝑖𝑛𝑥

𝑥
𝑑𝑥

• Find the Fourier transform of the function 

• 𝑓 𝑥 = ൜
1 − 𝑥2 𝑥 ≤ 1
0, 𝑥 > 1

, ℎ𝑒𝑛𝑐𝑒 𝐸𝑣𝑙𝑢𝑎𝑡𝑒 0׬
∞ 𝑥𝑐𝑜𝑠𝑥−𝑠𝑖𝑛𝑥

𝑥3
𝑐𝑜𝑠

𝑥

2
𝑑𝑥.

• Solution:

• 𝐹 𝑓 𝑥 = ∞−׬
∞
𝑓 𝑥 𝑒𝑖𝑢𝑥𝑑𝑥 1−׬=

1
(1 − 𝑥2)𝑒𝑖𝑢𝑥𝑑𝑥

• = 1 − 𝑥2
𝑒𝑖𝑢𝑥

𝑖𝑢
− −2𝑥

𝑒𝑖𝑢𝑥

𝑖2𝑢2
− 2

𝑒𝑖𝑢𝑥

𝑖3𝑢3
−1

1

• = 0 + 2
𝑒𝑖𝑢

−𝑢2
+ 2

𝑒𝑖𝑢

𝑖𝑢3
− (2

𝑒−𝑖𝑢

−𝑢2
− 2

𝑒−𝑖𝑢

𝑖𝑢3
=

4𝑐𝑜𝑠𝑢

−𝑢2
+

4𝑠𝑖𝑛𝑢

𝑢3

• =
−4(𝑢𝑐𝑜𝑠𝑢−𝑠𝑖𝑛𝑢)

𝑢3

• 𝑇𝑜 𝑒𝑣𝑙𝑢𝑎𝑡𝑒 0׬
∞ 𝑥𝑐𝑜𝑠𝑥−𝑠𝑖𝑛𝑥

𝑥3
𝑐𝑜𝑠

𝑥

2
𝑑𝑥 apply inverse F.T

•
1

2𝜋
∞−׬
∞ −4(𝑢𝑐𝑜𝑠𝑢−𝑠𝑖𝑛𝑢)

𝑢3
𝑒−𝑖𝑢𝑥𝑑𝑢 = ൜

1 − 𝑥2 𝑥 ≤ 1
0, 𝑥 > 1

,

• Put x =
1

2
, we get 

•
3

4
=

2

𝜋
∞−׬
∞ −4(𝑢𝑐𝑜𝑠𝑢−𝑠𝑖𝑛𝑢)

𝑢3
𝑒
−𝑖𝑢

2 𝑑𝑢

• −
3𝜋

8
= ∞−׬

∞ 4(𝑢𝑐𝑜𝑠𝑢−𝑠𝑖𝑛𝑢)

𝑢3
𝑐𝑜𝑠

𝑢

2
− 𝑖𝑠𝑖𝑛

𝑢

2
𝑑𝑢,

• F(u) is an even function and replace u as x

•
−3𝜋

8
= 0׬2

∞ 4(𝑥𝑐𝑜𝑠𝑥−𝑠𝑖𝑛𝑥)

𝑥3
𝑐𝑜𝑠

𝑥

2
𝑑𝑥,

•
−3𝜋

16
= 0׬

∞ 4(𝑥𝑐𝑜𝑠𝑥−𝑠𝑖𝑛𝑥)

𝑥3
𝑐𝑜𝑠

𝑥

2
𝑑𝑥,



• Find the Fourier sine transform of 
𝑒− 𝑥 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 0׬

∞ 𝑥𝑠𝑖𝑛𝑚𝑥

1+𝑥2
𝑑𝑥 =

𝜋𝑒−𝑚

2
, 𝑚 > 0 .

• Solution:

• X being positive interval 0,∞ , 𝑒− 𝑥 = 𝑒−𝑥

• 𝐹𝑠 𝑓 𝑥 = 0׬
∞
𝑓 𝑥 𝑠𝑖𝑛𝑢𝑥𝑑𝑥

• = 0׬
∞
𝑒−𝑥𝑠𝑖𝑛𝑢𝑥𝑑𝑥

• =
𝑒−𝑥

1+𝑢2
−𝑠𝑖𝑛𝑢𝑥 − 𝑢𝑐𝑜𝑠𝑢𝑥

0

∞

• = 0 −
𝑒−0

1+𝑢2
−𝑠𝑖𝑛𝑢0 − 𝑢𝑐𝑜𝑠𝑢0

• = −
1

1+𝑢2
−𝑢 =

𝑈

1+𝑢2

• Apply inverse Fourier sine transform

• 𝑓 𝑥 =
2

𝜋
0׬
∞
𝐹𝑠 𝑓 𝑥 𝑐𝑜𝑠𝑢𝑥𝑑𝑢

• 𝑒−𝑥 =
2

𝜋
0׬
∞ 𝑈

1+𝑢2
𝑐𝑜𝑠𝑢𝑥𝑑𝑥 put x = m

• 𝑒−𝑚 =
2

𝜋
0׬
∞ 𝑈

1+𝑢2
𝑐𝑜𝑠𝑢𝑚𝑑𝑢 , 𝑅𝑒𝑝𝑙𝑎𝑐𝑒 𝑢 𝑎𝑠 𝑥

•
𝜋

2
𝑒−𝑚 = 0׬

∞ 𝑥

1+𝑥2
𝑐𝑜𝑠𝑚𝑥𝑑𝑥

• Find the Fourier sine and cosine transform of 𝑓 𝑥 = ቊ
1, 0 ≤ 𝑥 < 2
0, 𝑥 ≥ 2

• Solution:

• 𝐹𝑠 𝑓 𝑥 = 0׬
∞
𝑓 𝑥 𝑠𝑖𝑛𝑢𝑥𝑑𝑥

• = 0׬
2
𝑠𝑖𝑛𝑢𝑥𝑑𝑥 =

−𝑐𝑜𝑠𝑢𝑥

𝑢 0

2
=

−𝑐𝑜𝑠2𝑢+𝑐𝑜𝑠0

𝑢
=

1−𝑐𝑜𝑠2𝑢

𝑢

• 𝐹𝑐 𝑓 𝑥 = 0׬
∞
𝑓 𝑥 𝑐𝑜𝑠𝑢𝑥𝑑𝑥

• = 0׬
2
𝑐𝑜𝑠𝑢𝑥𝑑𝑥 =

𝑠𝑖𝑛𝑢𝑥

𝑢 0

2
=

𝑠𝑖𝑛2𝑢−𝑠𝑖𝑛0

𝑢
=

𝑠𝑖𝑛2𝑢

𝑢

• Find the Fourier Cosine transform of 𝑓 𝑥 = ቐ
𝑥, 0 < 𝑥 < 1

2 − 𝑥, 1 < 𝑥 < 2
0, 𝑥 > 2

• Solution:

• 𝐹𝑐 𝑓 𝑥 = 0׬
∞
𝑓 𝑥 𝑐𝑜𝑠𝑢𝑥𝑑𝑥

• = 0׬
2
𝑓(𝑥)𝑐𝑜𝑠𝑢𝑥𝑑𝑥 = 0׬

1
𝑥𝑐𝑜𝑠𝑢𝑥𝑑𝑥 1׬+

2
(2 − 𝑥)𝑐𝑜𝑠𝑢𝑥𝑑𝑥

• =
𝑥𝑠𝑖𝑛𝑢𝑥

𝑢
−

−𝑐𝑜𝑠𝑢𝑥

𝑢2 0

1
+

(2−𝑥)𝑠𝑖𝑛𝑢𝑥

𝑢
−

−(−𝑐𝑜𝑠𝑢𝑥)

𝑢2 1

2

• =
𝑠𝑖𝑛𝑢

𝑢
+

𝑐𝑜𝑠𝑢

𝑢2
− 0 −

𝑐𝑜𝑠0

𝑢2
+

(2−2)𝑠𝑖𝑛2𝑢

𝑢
−

𝑐𝑜𝑠2𝑢

𝑢2
− (

(2−1)𝑠𝑖𝑛𝑢

𝑢
−

𝑐𝑜𝑠𝑢

𝑢2
)

• =
𝑠𝑖𝑛𝑢

𝑢
+

𝑐𝑜𝑠𝑢

𝑢2
−

1

𝑢2
−

𝑐𝑜𝑠2𝑢

𝑢2
−

𝑠𝑖𝑛𝑢

𝑢
+

𝑐𝑜𝑠𝑢

𝑢2

• = 2
𝑐𝑜𝑠𝑢

𝑢2
−

𝑐𝑜𝑠2𝑢

𝑢2
−

1

𝑢2



• Find the Fourier cosine transform of 𝑒−2𝑥 + 4𝑒−3𝑥

• Solution:

• 𝐹𝑐 𝑓 𝑥 = 0׬
∞
𝑓 𝑥 𝑐𝑜𝑠𝑢𝑥𝑑𝑥

• = 0׬
∞
𝑒−2𝑥 + 4𝑒−3𝑥 𝑐𝑜𝑠𝑢𝑥𝑑𝑥

• =
𝑒−2𝑥

(−2)2+𝑢2
−2𝑐𝑜𝑠𝑢𝑥 + 𝑢𝑠𝑖𝑛𝑢𝑥) +

4𝑒−3𝑥

(−3)2+𝑢2
−3𝑐𝑜𝑠𝑢𝑥 + 𝑢𝑠𝑖𝑛𝑢𝑥

0

∞

• = 0 −
𝑒−0

(−2)2+𝑢2
−2𝑐𝑜𝑠𝑢0 + 𝑢𝑠𝑖𝑛0) +

4𝑒−0

(−3)2+𝑢2
−3𝑐𝑜𝑠𝑢0 + 𝑢𝑠𝑖𝑛𝑢0

• = −
−2

(−2)2+𝑢2
+

4

(−3)2+𝑢2
−3

• =
2

(−2)2+𝑢2
+

12

(−3)2+𝑢2

• =
2

4+𝑢2
+

12

9+𝑢2



• Find the Fourier cosine transform of 𝑓 𝑥 = ൞

𝑥 𝑓𝑜𝑟 0 < 𝑥 < 1
2 − 𝑥 𝑓𝑜𝑟 1 < 𝑥 < 2

0 𝑓𝑜𝑟 𝑥 > 2

• Solution:

• Fourier cosine transform of f(x)

• 𝐹𝑐 𝑓 𝑥 = 0׬
∞
𝑓 𝑥 𝑐𝑜𝑠𝑢𝑥𝑑𝑥

• = 0׬
1
𝑥𝑐𝑜𝑠𝑢𝑥𝑑𝑥 1׬+

2
(2 − 𝑥𝑐𝑜𝑠𝑢𝑥𝑑𝑥 2׬+

∞
0𝑐𝑜𝑠𝑢𝑥𝑑𝑥

• = 0׬
1
𝑥𝑐𝑜𝑠𝑢𝑥𝑑𝑥 1׬+

2
(2 − 𝑥)𝑐𝑜𝑠𝑢𝑥𝑑𝑥 2׬+

∞
0𝑐𝑜𝑠𝑢𝑥𝑑𝑥

• = 𝑥
𝑠𝑖𝑛𝑢𝑥

𝑢
−

−𝑐𝑜𝑠𝑢𝑥

𝑢2 0

1
+ (2 − 𝑥)

𝑠𝑖𝑛𝑢𝑥

𝑢
− (−1)

−𝑐𝑜𝑠𝑢𝑥

𝑢2 1

2

• =
𝑠𝑖𝑛𝑢

𝑢
+

𝑐𝑜𝑠𝑢

𝑢2
−

𝑐𝑜𝑠0

𝑢2
+ 2 − 2

𝑠𝑖𝑛2𝑢

𝑢
−

𝑐𝑜𝑠2𝑢

𝑢2
− (

𝑠𝑖𝑛𝑢

𝑢
−

𝑐𝑜𝑠𝑢

𝑢2
)

• =
𝑠𝑖𝑛𝑢

𝑢
+

𝑐𝑜𝑠𝑢

𝑢2
−

1

𝑢2
−

𝑐𝑜𝑠2𝑢

𝑢2
−

𝑠𝑖𝑛𝑢

𝑢
+

𝑐𝑜𝑠𝑢

𝑢2

• =
2𝑐𝑜𝑠𝑢

𝑢2
−

1

𝑢2
−

𝑐𝑜𝑠2𝑢

𝑢2



• Solve the integral equation ׬
0

∞
𝑓 𝜃 𝑐𝑜𝑠𝛼𝜃𝑑𝜃 = ቊ

1 − 𝛼, 0 ≤ 𝛼 ≤ 1
0, 𝛼 > 1

𝐻𝑒𝑛𝑐𝑒 𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ׬
0

∞ 𝑠𝑖𝑛2𝑡

𝑡2
𝑑𝑡

• Solution:

• ׬
0

∞
𝑓 𝜃 𝑐𝑜𝑠𝛼𝜃𝑑𝜃 = 𝐹𝑐 𝛼 = ቊ

1 − 𝛼, 0 ≤ 𝛼 ≤ 1
0, 𝛼 > 1

−−−−(1)

• By inverse formula , we have 

• 𝑓 𝜃 =
2

𝜋
׬
0

∞
𝐹𝑐 𝛼 𝑐𝑜𝑠𝛼𝜃𝑑𝛼 =

2

𝜋
׬
0

1
(1 − 𝛼) 𝑐𝑜𝑠𝛼𝜃𝑑𝛼

• =
2

𝜋
1 − 𝛼

𝑠𝑖𝑛𝛼𝜃

𝜃
+

−𝑐𝑜𝑠𝛼𝜃

𝜃2 0

1

• =
2

𝜋
1 − 1

𝑠𝑖𝑛𝜃

𝜃
+

−𝑐𝑜𝑠𝜃

𝜃2
−

𝑠𝑖𝑛0𝜃

𝜃
+

−𝑐𝑜𝑠0𝜃

𝜃2

• =
2

𝜋

1−𝑐𝑜𝑠𝜃

𝜃2
=

2

𝜋

2𝑠𝑖𝑛2
𝜃

2

𝜃2
=

1

𝜋

𝑠𝑖𝑛2
𝜃

2

𝜃

2

2 −−−−−−−(2)

• Sub (2) in (1) 

• ׬
0

∞ 1

𝜋

𝑠𝑖𝑛2
𝜃

2

𝜃

2

2 𝑐𝑜𝑠𝛼𝜃𝑑𝜃 = 𝐹𝑐 𝛼 = ቊ
1 − 𝛼, 0 ≤ 𝛼 ≤ 1

0, 𝛼 > 1

• let 𝛼 = 0 and 
𝜃

2
= 𝑡 𝑎𝑛𝑑 2𝑑𝑡 = 𝑑𝜃

• ׬
0

∞ 𝑠𝑖𝑛2 𝑡

𝑡2
𝑑𝑡 =

𝜋

2


