
Z-Transform
Defintion:

𝑧𝑇 𝑢𝑛 = 𝑢 𝑧 = ෍

𝑛=0

∞
𝑢𝑛
𝑧𝑛

= ෍

𝑛=0

∞

𝑢𝑛𝑧
−𝑛

Application of Z-Transform
To identify the stability of the system by Region of converges using Z-

Transform.



Damping Rule
If𝑧𝑇 𝑢𝑛 = ത𝑢(𝑧) 𝑡ℎ𝑒𝑛 𝑓𝑜𝑟 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑎 ≠ 0

i) 𝑧𝑇(𝑎−𝑛𝑢𝑛) = 𝑢 𝑎𝑧
ii) 𝑧𝑇(𝑎𝑛𝑢𝑛) = 𝑢 𝑧/𝑎

Shifting Rules
𝐼𝑓 𝑘 > 0 𝑡ℎ𝑒𝑛

i) 𝑧𝑇(𝑢𝑛−𝑘) = 𝑧−𝑘𝑧 𝑢𝑛 𝑓𝑜𝑟 𝑛 ≥ 𝑘 , 𝑎𝑛𝑑
ii) 𝑧𝑇(𝑢𝑛+𝑘) = 𝑧𝑘 𝑧 𝑢𝑛 − σ𝑛=0

∞ 𝑢𝑛𝑧
−𝑛

Note:

i) 𝑧𝑇(𝑢𝑛−1) =
1

𝑧
𝑧 𝑢𝑛 𝑓𝑜𝑟 𝑛 ≥ 1

ii) 𝑧𝑇(𝑢𝑛−2) =
1

𝑧2
𝑧 𝑢𝑛 𝑓𝑜𝑟 𝑛 ≥2

iii) 𝑧𝑇(𝑢𝑛−3) =
1

𝑧3
𝑧 𝑢𝑛 𝑓𝑜𝑟 𝑛 ≥3

iv) 𝑧𝑇(𝑢𝑛+1) = 𝑧 𝑧 𝑢𝑛 − 𝑢0

v) 𝑧𝑇(𝑢𝑛+2) = 𝑧2 𝑧 𝑢𝑛 − 𝑢0 −
𝑢1

𝑧

iv) 𝑧𝑇(𝑢𝑛+3) = 𝑧3 𝑧 𝑢𝑛 − 𝑢0 −
𝑢1

𝑧
−

𝑢1

𝑧2



Final Value Theorem
If𝑧𝑇 𝑢𝑛 = ത𝑢 𝑧 𝑡ℎ𝑒𝑛 lim𝑢𝑛

𝑧→∞
= lim(𝑧 − 1)

𝑧→1
ത𝑢 𝑧

Initial Value Theorem

If𝑧𝑇 𝑢𝑛 = ത𝑢 𝑧 𝑡ℎ𝑒𝑛 lim
𝑧→∞

ത𝑢 𝑧 = 𝑢0
Note:
lim
𝑧→∞

𝑧 ത𝑢 𝑧 − 𝑢0 = 𝑢1

lim
𝑧→∞

𝑧2 ത𝑢 𝑧 − 𝑢0 −
𝑢1

𝑧
= 𝑢2 𝑎𝑛𝑑 𝑠𝑜 𝑜𝑛



Determine the z- transform of the sequence 
𝑢𝑛 = 𝑘𝑛

Solution:

By definition

• 𝑧𝑇 𝑘𝑛 = 𝑢 𝑧 = σ𝑛=0
∞ 𝑘𝑛

𝑧𝑛
= σ𝑛=0

∞ 𝑘

𝑧

𝑛

=
𝑘

𝑧

0

+
𝑘

𝑧

1

+
𝑘

𝑧

2

+
𝑘

𝑧

3

+. . …

= 1 +
𝑘

𝑧

1

+
𝑘

𝑧

2

+
𝑘

𝑧

3

+. . … = 1 −
𝑘

𝑧

−1

=
𝑧 − 𝑘

𝑧

−1

=
𝑧

𝑧 − 𝑘
, 𝑧 > 𝑘

• If K=1,𝑧𝑇 1𝑛 =
𝑧

𝑧−1



Transform of 𝐜𝐨𝐬𝐧𝜽 𝒂𝒏𝒅𝒔𝒊𝒏𝒏𝜽

• cosnθ =
1

2
𝑒𝑖𝑛𝜃 + 𝑒−𝑖𝑛𝜃

• 𝑠𝑖𝑛𝑛𝜃 =
1

2
𝑒𝑖𝑛𝜃 − 𝑒−𝑖𝑛𝜃

• 𝑧𝑇 cosnθ =
1

2
𝑧𝑇 𝑒𝑖𝑛𝜃 + 𝑒−𝑖𝑛𝜃

• =
𝑧(𝑧−𝑐𝑜𝑠𝜃)

𝑧2−2𝑧𝑐𝑜𝑠𝜃+1

• 𝑧𝑇 𝑠𝑖𝑛nθ =
1

2
𝑧𝑇 𝑒𝑖𝑛𝜃 − 𝑒−𝑖𝑛𝜃

• =
𝑧𝑠𝑖𝑛𝜃

𝑧2−2𝑧𝑐𝑜𝑠𝜃+1

By putting 𝜃 =
𝜋

2
, we get 

• 𝑍 cosn
𝜋

2
=

𝑧2

𝑧2+1

• 𝑍 𝑠𝑖𝑛n
𝜋

2
=

𝑧

𝑧2+1

Transform of 𝒆𝒂𝒏

• 𝑧𝑇 𝑒𝑎𝑛 = 𝑧𝑇 𝑒𝑎 𝑛 =
𝑧

𝑧−𝑒𝑎

Transform of 𝐜𝐨𝐬𝐡𝐧𝜽 𝒂𝒏𝒅𝒔𝒊𝒏𝒉𝒏𝜽

• coshnθ =
1

2
𝑒𝑛𝜃 + 𝑒−𝑛𝜃

• 𝑠𝑖𝑛ℎ𝑛𝜃 =
1

2
𝑒𝑛𝜃 − 𝑒−𝑛𝜃

• 𝑧𝑇 coshnθ =
1

2
𝑧𝑇 𝑒𝑛𝜃 + 𝑒−𝑛𝜃

• =
1

2

𝑧

𝑧−𝑒𝜃
+

𝑧

𝑧−𝑒−𝜃

• =
1

2

𝑧 𝑧−𝑒−𝜃 +𝑧(𝑧−𝑒𝜃)

(𝑧−𝑒𝜃)(𝑧−𝑒−𝜃)

• =
1

2

𝑧2−𝑧𝑒−𝜃+𝑧2−𝑧𝑒𝜃

𝑧2−𝑧𝑒−𝜃−𝑧𝑒𝜃+1

• =
𝑧

2

2𝑧−(𝑒−𝜃+𝑒𝜃)

𝑧2−𝑧(𝑒−𝜃+𝑒𝜃)+1

• =
𝑧(𝑧−𝑐𝑜𝑠ℎ𝜃)

𝑧2−2𝑧𝑐𝑜𝑠ℎ𝜃+1

• 𝑧𝑇 sinhnθ =
𝑧𝑠𝑖𝑛ℎ𝜃

𝑧2−2𝑧𝑐𝑜𝑠ℎ𝜃+1



• 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 𝑜𝑓 𝑛𝑝

• Let p be the positive integer, show 
that 𝑧𝑇(𝑛

𝑝) = −𝑧
𝑑

𝑑𝑧
𝑧𝑇 𝑛𝑝−1

Proof:

• Using R.H.S𝑧𝑇 𝑛𝑝−1 =σ𝑛=0
∞ 𝑛𝑝−1𝑧−𝑛

•
𝑑

𝑑𝑧
𝑧𝑇 𝑛𝑝−1 = σ𝑛=0

∞ 𝑛𝑝−1(−𝑛)𝑧−𝑛−1

• Multiply –z both sides we get,

• −𝑧
𝑑

𝑑𝑧
𝑧𝑇 𝑛𝑝−1 = σ𝑛=0

∞ 𝑛𝑝𝑧−𝑛

• 𝑧(𝑛𝑝) = −𝑧
𝑑

𝑑𝑧
𝑧𝑇 𝑛𝑝−1

• This is a recurrence relation from 
which 𝑧𝑇(𝑛

𝑝)𝑐𝑎𝑛 𝑏𝑒 𝑐𝑜𝑚𝑝𝑢𝑡𝑒𝑑 𝑖𝑓𝑧𝑇 𝑛𝑝−1

is known.

• For p=1, 𝑧 𝑛 = −𝑧
𝑑

𝑑𝑧
𝑧 1

• = −𝑧
𝑑

𝑑𝑧

𝑧

𝑧−1
= −𝑧

1. 𝑧−1 −𝑧.1

𝑧−1 2

• =
𝑧

𝑧−1 2

• For p=2, 𝑧 𝑛2 = −𝑧
𝑑

𝑑𝑧
𝑧𝑇 𝑛

• = −𝑧
𝑑

𝑑𝑧

𝑧

𝑧−1 2 =
𝑧(𝑧+1)

𝑧−1 3

• For p=3, 𝑧 𝑛3 = −𝑧
𝑑

𝑑𝑧
𝑧 𝑛2

• = −𝑧
𝑑

𝑑𝑧

𝑧 𝑧+1

𝑧−1 3 =
𝑧 𝑧2+4𝑧+1

𝑧−1 4

• And so on



𝑠𝒊𝒏𝑛𝜃 𝑧𝑠𝒊𝒏𝜃

𝑧2 − 2𝑧𝑐𝑜𝑠𝜃 + 1

n 𝑧

𝑧 − 1 2

𝑛2 𝑧(𝑧 + 1)

𝑧 − 1 3

𝑛3 𝑧 𝑧2 + 4𝑧 + 1

𝑧 − 1 4

cos
𝑛𝜋

2
𝑧2

𝑧2 + 1

𝑠𝑖𝑛
𝑛𝜋

2

𝑧

𝑧2 + 1

𝑘 𝑛𝑛 𝑘𝑧

𝑧 − 𝑘 2

𝑘 𝑛𝑛2 𝑘2𝑧 + 𝑧2𝑘

𝑧 − 𝑘 3

𝒖𝒏
𝒛 𝒖𝒏 = ෍

𝒏=𝟎

∞

𝒖𝒏𝒛
−𝒏

1 𝑧

𝑧 − 1

−1 𝑛 𝑧

𝑧 + 1

−1 𝑛 𝑎 𝑛 𝑧

𝑧 + 𝑎

−1 𝑛 𝑒 𝑎𝑛 𝑧

𝑧 − 𝑒𝑎
𝑎 𝑛 𝑧

𝑧 − 𝑎

𝑐𝑜𝑠ℎ𝑛𝜃 𝑧(𝑧 − 𝑐𝑜𝑠ℎ𝜃)

𝑧2 − 2𝑧𝑐𝑜𝑠ℎ𝜃 + 1

𝑠𝑖𝑛ℎ𝑛𝜃 𝑧𝑠𝑖𝑛ℎ𝜃

𝑧2 − 2𝑧𝑐𝑜𝑠ℎ𝜃 + 1

𝑐𝑜𝑠𝑛𝜃 𝑧(𝑧 − 𝑐𝑜𝑠𝜃)

𝑧2 2𝑧𝑐𝑜𝑠𝜃 + 1



Find the Z- transforms of the following:

𝑖) 𝑢𝑛 =
1

𝑛
, 𝑛 > 0 𝑖𝑖) 𝑢𝑛=

1

𝑛 + 1
, 𝑛 ≥ 0

𝑖𝑖𝑖) 𝑢𝑛=
1

𝑛(𝑛 + 1)
, 𝑛 > 0, 𝑖𝑣) 𝑢𝑛=

1

𝑛!
, 𝑛 ≥ 0

• i) for n>0,

• 𝑧𝑇
1

𝑛
= σ𝑛=1

∞ 1

𝑛
𝑧−𝑛

• = 𝑧−1 +
1

2
𝑧−2+

1

3
𝑧−3+

1

4
𝑧−4+….

• = −
−
1

𝑧

1
+

−
1

𝑧

2

2
−

−
1

𝑧

3

3
+

−
1

𝑧

4

4
+…

• = −𝑙𝑜𝑔 1 −
1

𝑧

• = 𝑙𝑜𝑔
𝑧−1

𝑧
−1= 𝑙𝑜𝑔

𝑧

𝑧−1

• ii) for n ≥ 0,

• 𝑧𝑇
1

𝑛+1
= σ𝑛=0

∞ 1

𝑛+1
𝑧−𝑛

• = 1 +
1

2
𝑧−1+

1

3
𝑧−2+

1

4
𝑧−3+….

• = 𝑧 𝑧−1 +
1

2
𝑧−2+

1

3
𝑧−3+

1

4
𝑧−4+….

• Using previous problem, the above 
step can be written as 

• = 𝑧𝑙𝑜𝑔
𝑧

𝑧−1



• iii) for n > 0,

• 𝑧𝑇
1

𝑛(𝑛+1)
= 𝑧𝑇

(𝑛+1)−𝑛

𝑛(𝑛+1)

• = 𝑧𝑇
(𝑛+1)

𝑛(𝑛+1)
−

𝑛

𝑛(𝑛+1)

• = 𝑧𝑇
1

𝑛
−

1

𝑛+1

• = 𝑧𝑇
1

𝑛
− 𝑧𝑇

1

𝑛+1

• =𝑙𝑜𝑔
𝑧

𝑧−1
− 𝑧𝑙𝑜𝑔

𝑧

𝑧−1

• =(1 − z)𝑙𝑜𝑔
𝑧

𝑧−1

• 𝑖𝑣) 𝑓𝑜𝑟 𝑛 ≥ 0, 𝑧𝑇
1

𝑛!
=

σ𝑛=1
∞ 1

𝑛!
𝑧−𝑛 = 𝑒

1

𝑧

• Find the z-transforms of 

• 𝑖)
1

2

𝑛
+ −

1

3

𝑛
+ −𝑎 3𝑛−2

• Solution:

• 𝑧𝑇
1

2

𝑛
+ 𝑧 −

1

3

𝑛
+ −𝑎 3 𝑛

−𝑎 −2

• =
𝑧

𝑧−
1

2

+
𝑧

𝑧− −
1

3

+
𝑎−2𝑧

𝑧− −𝑎 3

• =
2𝑧

2𝑧−1
+

3𝑧

3𝑧+1
+

𝑎−2𝑧

𝑧+𝑎3



• Find the z-transforms of 

• 𝑖) 3𝑛 + 5 2 𝑖𝑖) 2𝑛 −
1

3

3

• Solution:

• 𝑖)𝑧𝑇 9𝑛2 + 30𝑛 + 25 = 9
𝑧(𝑧+1)

𝑧−1 3 + 30
𝑧

𝑧−1 2 + 25
𝑧

𝑧−1

• 𝑧𝑇 2𝑛 −
1

3

3
= 𝑧 8𝑛3 − 4𝑛2 +

4𝑛

3
−

1

27

• = 8
𝑧(𝑧2+4𝑧+1)

𝑧−1 4 − 4
𝑧 𝑧+1

𝑧−1 3 +
4

3

𝑧

𝑧−1 2 −
1

27

𝑧

𝑧−1

• Find the z-transforms of 

• 𝑖)𝑛 − 𝑠𝑖𝑛
𝑛𝜋

2
+

𝜋

4
+ −

1

3

3

• Solution:

• 𝑖)𝑧𝑇 𝑛 − 𝑠𝑖𝑛
𝑛𝜋

2
+

𝜋

4
+ −

1

3

3
= 𝑧𝑇 (𝑛 − 𝑠𝑖𝑛

𝑛𝜋

2
𝑐𝑜𝑠

𝜋

4
− 𝑐𝑜𝑠

𝑛𝜋

2
𝑠𝑖𝑛

𝜋

4
+ −

1

3

3

• =
𝑧

𝑧−1 2 −
𝑧𝑠𝑖𝑛

𝜋

2
𝑐𝑜𝑠

𝜋

4

𝑧2−2𝑧𝑐𝑜𝑠
𝜋

2
+1

−
𝑧(𝑧−𝑐𝑜𝑠

𝜋

2
)𝑠𝑖𝑛

𝜋

4

𝑧2−2𝑧𝑐𝑜𝑠
𝜋

2
+1

+
−
1

3

3
𝑧

𝑧−1
=

𝑧

𝑧−1 2 −

𝑧

2

𝑧2+1
−

𝑧2
1

2

𝑧2+1
+

−
1

3

3
𝑧

𝑧−1

• =
𝑧

𝑧−1 2 −
𝑧

2(𝑧2+1)
−

𝑧2

2(𝑧2+1)
+

−
1

3

3
𝑧

𝑧−1



• Find the z-transforms of 𝑎𝑛co𝑠𝑛𝜃 + 𝑒−𝑎𝑛𝑠𝑖𝑛𝑛𝜃 + 𝑒−𝑎𝑛𝑛2 + 𝑎−𝑛𝑛

• Solution:

• By damping rule 𝑧𝑇 (𝑎𝑛𝑢𝑛) = 𝑢 𝑎𝑧 , 𝑧𝑇 (𝑎𝑛𝑢𝑛) = 𝑢 𝑧/𝑎

• 𝑧𝑇(𝑎𝑛co𝑠𝑛𝜃 + 𝑒−𝑎𝑛𝑠𝑖𝑛𝑛𝜃 + 𝑒−𝑎𝑛𝑛2 + 𝑎−𝑛𝑛)

• =
𝑧 𝑧−𝑐𝑜𝑠𝜃

𝑧2−2𝑧𝑐𝑜𝑠𝜃+1𝑧→
𝑧

𝑎

−
𝑧𝑠𝑖𝑛𝜃

𝑧2−2𝑧𝑐𝑜𝑠𝜃+1𝑧→𝑧𝑒𝑎
+

𝑧(𝑧+1)

𝑧−1 3
𝑧→𝑧𝑒𝑎

+
𝑧

𝑧−1 2
𝑧→𝑎𝑧

• =
𝑧

𝑎

𝑧

𝑎
−𝑐𝑜𝑠𝜃

𝑧

𝑎

2
−2

𝑧

𝑎
𝑐𝑜𝑠𝜃+1

−
𝑧𝑒𝑎𝑠𝑖𝑛𝜃

𝑧𝑒𝑎 2−2𝑧𝑒𝑎𝑐𝑜𝑠𝜃+1
+

𝑧𝑒𝑎(𝑧𝑒𝑎+1)

𝑧𝑒𝑎−1 3 +
𝑎𝑧

𝑎𝑧−1 2

• =
𝑧 𝑧−𝑎2𝑐𝑜𝑠𝜃

𝑧2−2𝑎𝑧𝑐𝑜𝑠𝜃+𝑎2
−

𝑧𝑒𝑎𝑠𝑖𝑛𝜃

𝑧𝑒𝑎 2−2𝑧𝑒𝑎𝑐𝑜𝑠𝜃+1
+

𝑧𝑒𝑎(𝑧𝑒𝑎+1)

𝑧𝑒𝑎−1 3 +
𝑎𝑧

𝑎𝑧−1 2



• Obtain the inverse Z transform of 
3𝑧2+𝑧

(5𝑧−1)(5𝑧+2)

• Solution:

•
3𝑧2+𝑧

(5𝑧−1)(5𝑧+2)
=

𝐴𝑧

5𝑧−1
+

𝐵𝑧

5𝑧+2

• 3𝑧2 + 𝑧 = 𝐴𝑧 5𝑧 + 2 + 𝐵𝑧(5𝑧 − 1)

• 3𝑧 + 1 = 𝐴 5𝑧 + 2 + 𝐵(5𝑧 − 1)

• 𝑝𝑢𝑡 𝑧 =
1

5
, 𝑤𝑒 𝑔𝑒𝑡

3

5
+ 1 = 𝐴(1 + 2)

•
8

5
= 3𝐴 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐴 =

8

15

• 𝑝𝑢𝑡 𝑧 =
−2

5
, 𝑤𝑒 𝑔𝑒𝑡

3∗(−2)

5
+ 1 = 𝐵(−2 − 1)

•
1

5
= 3𝐵 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐵 =

1

15

•
3𝑧2+𝑧

(5𝑧−1)(5𝑧+2)
=

8

15

5(𝑧−
1

5
)
+

1

15

5(𝑧+
2

5
)

• Apply inverse Z-Transform, we get 

• 𝑢𝑛 =
8

75

1

5

𝑛
+

2

75
−

2

5

𝑛

• Obtain the inverse Z transform of 
2𝑧2−7𝑧+7

(𝑧−1)2(𝑧−2)

• Solution:

•
2𝑧2−7𝑧+7

(𝑧−1)2(𝑧−2)
=

𝐴

𝑧−1
+

𝐵

(𝑧−1)2
+

𝐶

𝑧−2

• 2𝑧2 − 7𝑧 + 7 = 𝐴 𝑧 − 2 𝑧 − 1 + 𝐵 𝑧 − 2 +
𝐶((𝑧 − 1)2

• 𝑝𝑢𝑡 𝑧 = 2,𝑤𝑒 𝑔𝑒𝑡 1 =C

• 𝑝𝑢𝑡 𝑧 = 1,𝑤𝑒 𝑔𝑒𝑡 − 2 =B,

• Equating coefficient of 𝑧2, we get 2=A + C implies A =1

•
2𝑧2−7𝑧+7

(𝑧−1)2(𝑧−2)
=

1

𝑧−1
+

−2

(𝑧−1)2
+

1

𝑧−2
=

1

𝑧

𝑧

𝑧−1
+

1

𝑧

−2𝑧

(𝑧−1)2
+

1

𝑧

𝑧

𝑧−2

• Apply inverse Z transform, we get 

• 𝑧𝑇
−1 2𝑧2−7𝑧+7

(𝑧−1)2(𝑧−2)
= 1𝑛−1 − 2𝑛(1𝑛−1) + (2𝑛−1) =

ቊ
0, 𝑛 = 0

1 − 2𝑛 + 2𝑛−1 𝑛 ≥ 1



• 𝑠𝑢𝑏 𝑦0 = 3, 𝑦1 =2 

• 2𝑧2 𝑦(𝑧) − 3 −
2

𝑧
− 5𝑧 𝑦 𝑧 − 3 − 3𝑦 𝑧 = 0

• 𝑦 𝑧 2𝑧2 − 5𝑧 − 3 − 6𝑧2 − 4𝑧 + 15𝑧 = 0

• 𝑦 𝑧 2𝑧 + 1)(𝑧 − 3 = 6𝑧2 − 11𝑧

• 𝑦 𝑧 =
6𝑧2−11𝑧

2𝑧+1)(𝑧−3
=

𝐴𝑧

2𝑧+1
+

𝐵𝑧

𝑧−3

• Dividing Z

•
6𝑧−11

2𝑧+1)(𝑧−3
=

𝐴

2𝑧+1
+

𝐵

𝑧−3

• 6𝑧 − 11 = 𝐴 𝑧 − 3 + 𝐵(2𝑧 + 1)

• Putting z=3, 7 = 7B → 𝐵 = 1

• 𝑝𝑢𝑡 𝑧 =
−1

2
, 𝑤𝑒 𝑔𝑒𝑡 − 3 − 11 = 𝐴(

−1

2
− 3)

• −14 = −
7

2
𝐴 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐴 = 4

•
6𝑧2−11𝑧

2𝑧+1)(𝑧−3
=

4𝑧

2𝑧+1
+

𝑧

𝑧−3

• 𝑦 𝑧 =
6𝑧2−11𝑧

2𝑧+1)(𝑧−3
=

4𝑧

2(𝑧+
1

2
)
+

𝑧

𝑧−3

• Apply inverse Z-Transform, we get 

• 𝑦𝑛 = 2
−1

2

𝑛
+ 3 𝑛

• Using Z-transform methods,

• solve the difference equation 𝑦𝑛+2 − 2𝑦𝑛+1 + 𝑦𝑛 = 0subject to 𝑦0 = 0, 𝑦1 = 1

• Solution:

• Apply Z-Transform 

• 𝑧𝑇(𝑦𝑛+2 − 2𝑦𝑛+1 + 𝑦𝑛) = 0

• 𝑧2 𝑦(𝑧) − 𝑦0 −
𝑦1

𝑧
− 2𝑧 𝑦 𝑧 − 𝑦0 + 𝑦 𝑧 = 0

• 𝑠𝑢𝑏 𝑦0 = 0, 𝑦1 = 1

• 𝑧2 𝑦(𝑧) −
1

𝑧
− 2𝑧 𝑦 𝑧 + 𝑦 𝑧 = 0

• 𝑦 𝑧 𝑧2 − 2𝑧 + 1 − 𝑧 = 0

• 𝑦 𝑧 =
𝑧

𝑧−1 2

• Apply inverse Z-Transform, we get 𝑦𝑛 = 𝑛

• Using Z-transform methods,

• solve the difference equation 2𝑦𝑛+2 − 5𝑦𝑛+1 − 3𝑦𝑛 = 0subject to 𝑦0 = 3, 𝑦1 =2

• Solution:

• Apply Z-Transform 

• 𝑧𝑇(2𝑦𝑛+2 − 5𝑦𝑛+1 − 3𝑦𝑛) = 0

• 2𝑧2 𝑦(𝑧) − 𝑦0 −
𝑦1

𝑧
− 5𝑧 𝑦 𝑧 − 𝑦0 − 3𝑦 𝑧 = 0



• Using Z-transform methods,

• solve the difference equation 𝑦𝑛+2 − 5𝑦𝑛+1 + 6𝑦𝑛 =
1

2

𝑛
subject to 𝑦0 = 0, 𝑦1 =0

• Solution:

• Apply Z-Transform 

• 𝑧𝑇(𝑦𝑛+2 − 5𝑦𝑛+1 + 6𝑦𝑛) = 𝑧𝑇
1

2

𝑛

• 𝑧2 𝑦(𝑧) − 𝑦0 −
𝑦1

𝑧
− 5𝑧 𝑦 𝑧 − 𝑦0 + 6𝑦 𝑧 =

𝑧

𝑧−
1

2

• Sub 𝑦0 = 0, 𝑦1 =0

• 𝑧2 𝑦(𝑧) − 5𝑧 𝑦 𝑧 + 6𝑦 𝑧 =
𝑧

𝑧−
1

2

• 𝑦 𝑧 =
𝑧

(𝑧−
1

2
)(𝑧−3)(𝑧−2)

•
𝑧

(𝑧−
1

2
)(𝑧−3)(𝑧−2)

=
𝐴𝑍

(𝑧−
1

2
)
+

𝐵𝑍

𝑧−3
+

𝐶𝑍

(𝑧−2)

• Dividing Z

•
1

(𝑧−
1

2
)(𝑧−3)(𝑧−2)

=
𝐴

(𝑧−
1

2
)
+

𝐵

𝑧−3
+

𝐶

(𝑧−2)

1 = 𝐴 𝑧 − 3 𝑧 − 2 + 𝐵 𝑧 −
1

2
𝑧 − 2 + 𝐶(𝑧 −

1

2
)(𝑧 − 3)

Sub z=1/2,

1 = 𝐴
1

2
− 3

1

2
− 2 = 𝐴

−5

2
∗
−3

2
4

15
= 𝐴

Sub z=2,

1 = C 2 −
1

2
2 − 3 = 𝐶

3

2
∗ −1

−
2

3
= 𝐶

Sub z=3,

1 = B 3 −
1

2
3 − 2 = 𝐵

5

2
∗ 1
2

5
= 𝐵

𝑦 𝑧 =
𝑧

(𝑧 −
1
2
)(𝑧 − 3)(𝑧 − 2)

=

4
15

𝑍

(𝑧 −
1
2
)
+

2
5
𝑍

𝑧 − 3
−

2
3
𝑍

(𝑧 − 2)

Apply inverse Z-Transform, we get 

𝑦𝑛 =
4

15

1

2

𝑛

+
2

5
3 𝑛 −

2

3
2𝑛



• Using Z-transform methods,

• solve the difference equation 2𝑦𝑛+2 − 3𝑦𝑛+1 − 2𝑦𝑛 = 6𝑛 + 1 subject to 𝑦0 =
1, 𝑦1 = 2

• Solution:

• Apply Z-Transform 

• 𝑧𝑇 2𝑦𝑛+2 − 3𝑦𝑛+1 − 2𝑦𝑛 = 𝑧𝑇(6𝑛 + 1)

• 2𝑧2 𝑦(𝑧) − 𝑦0 −
𝑦1

𝑧
− 3𝑧 𝑦 𝑧 − 𝑦0 − 2𝑦 𝑧 = 6

𝑧

𝑧−1 2 +
𝑧

𝑧−1

• Sub 𝑦0 = 1, 𝑦1 = 2

• 2𝑧2 𝑦(𝑧) − 1 −
2

𝑧
− 3𝑧 𝑦 𝑧 − 1 − 2𝑦 𝑧 =

6𝑧+𝑧2−𝑧

𝑧−1 2

• 𝑦 𝑧 2𝑧2 − 3𝑧 − 2 − 2𝑧2 − 4𝑧 + 3𝑧=
5𝑧+𝑧2

𝑧−1 2

• 𝑦 𝑧 2𝑧2 − 3𝑧 − 2 =
5𝑧+𝑧2+(2𝑧2+𝑧 ) 𝑧−1 2

𝑧−1 2

• 𝑦 𝑧 =
5𝑧+𝑧2+(2𝑧2+𝑧 )(𝑧2−2𝑧+1)

(𝑧−2)(2𝑧+1) 𝑧−1 2

• 𝑦 𝑧 =
5𝑧+𝑧2+(2𝑧4−4𝑧3+2𝑧2+𝑧3−2𝑧2+𝑧 )

(𝑧−2)(2𝑧+1) 𝑧−1 2

• 𝑦 𝑧 =
2𝑧4−3𝑧3+𝑧2+6𝑧

(𝑧−2)(2𝑧+1) 𝑧−1 2

• Dividing Z

•
𝑦 𝑧

𝑧
=

2𝑧3−3𝑧2+𝑧+6

(𝑧−2)(2𝑧+1) 𝑧−1 2 =
𝐴

(𝑧−1)
+

𝐵

𝑧−1 2 +
𝐶

(𝑧−2)
+

𝐷

(2𝑧+1)

• 2𝑧3 − 3𝑧2 + 𝑧 + 6 = 𝐴(𝑧 − 2)(2𝑧 + 1)(𝑧 − 1) + 𝐵(𝑧 − 2)(2𝑧 + 1) + 𝐶(𝑧 −



• Using Z-transform methods,

• solve the difference equation 𝑦𝑛+2 + 2𝑦𝑛 = 0 subject to 𝑦0 = 1, 𝑦1 =
2

• Solution:

• Apply Z-Transform 

• 𝑧𝑇 𝑦𝑛+2 + 2𝑦𝑛 = 𝑧𝑇(0)

• 𝑧2 𝑦(𝑧) − 𝑦0 −
𝑦1

𝑧
+ 2𝑦 𝑧 = 0

• Sub 𝑦0 = 1, 𝑦1 = 2

• 𝑧2 𝑦(𝑧) − 1 −
2

𝑧
+ 2𝑦 𝑧 = 0

• 𝑦 𝑧 𝑧2 + 2 =𝑧2+ 2z

• 𝑦 𝑧 =
𝑧2

𝑧2+2
+

2z
𝑧2+2

• We know that  𝑧𝑇 𝑐𝑜𝑠
𝑛𝜋

2
=

𝑧2

𝑧2+1
𝑎𝑛𝑑𝑧𝑇 𝑠𝑖𝑛

𝑛𝜋

2
=

𝑧

𝑧2+1

• 𝑧𝑇 2
𝑛
𝑐𝑜𝑠

𝑛𝜋

2
=

𝑧2

𝑧2+1𝑧→𝑧/ 2
=

𝑧2

𝑧2+2
, and 𝑧𝑇 2

𝑛
𝑠𝑖𝑛

𝑛𝜋

2
=

2𝑧

𝑧2+2

• 𝑦𝑛 = 2
𝑛
𝑐𝑜𝑠

𝑛𝜋

2
+ 2

𝑛
𝑠𝑖𝑛

𝑛𝜋

2

𝐼𝑓 𝑢(𝑧) =
3𝑧2−5𝑧+7

(𝑧−2)3
, 𝑓𝑖𝑛𝑑 𝑢0, 𝑢1, 𝑢2, 𝑢3.

Solution:

𝑢0 = lim
𝑧→∞

ത𝑢 𝑧 = lim
𝑧→∞

3𝑧2 − 5𝑧 + 7

(𝑧 − 2)3
= lim

𝑧→∞

𝑧2(3 −
5
𝑧 +

7
𝑧2
)

𝑧3(1 −
2
𝑧
)3

= 0.

𝑢1 = lim
𝑧→∞

𝑧 ത𝑢 𝑧 − 𝑢0 = lim
𝑧→∞

𝑧
3𝑧2 − 5𝑧 + 7

(𝑧 − 2)3
− 0

= lim
𝑧→∞

𝑧3(3 −
5
𝑧
+

7
𝑧2
)

𝑧3(1 −
2
𝑧)

3
= 3

𝑢2 = lim
𝑧→∞

𝑧2 ത𝑢 𝑧 − 𝑢0 −
𝑢1
𝑧

= lim
𝑧→∞

𝑧2
3𝑧2 − 5𝑧 + 7

(𝑧 − 2)3
− 0 −

3

𝑧

= lim
𝑧→∞

𝑧2
3𝑧3 − 5𝑧2 + 7𝑧 − 3(𝑧 − 2)3

𝑧(𝑧 − 2)3

= lim
𝑧→∞

𝑧
3𝑧3 − 5𝑧2 + 7𝑧 − 3𝑧3 − 18𝑧2 − 36𝑧 + 24

(𝑧 − 2)3

= lim
𝑧→∞

𝑧3
13−

29

𝑧
+
24

𝑧2

𝑧3(1−
2

𝑧
)3

=13



• Obtain the inverse Z- transform of 
8𝑧−𝑧3

4−𝑧 3

• Solution:

•
8𝑧−𝑧3

4−𝑧 3 =
𝑧3−8𝑧

𝑧−4 3

•
𝑧3−8𝑧

𝑧−4 3 =
𝐴𝑧

𝑧−4
+

𝐵4𝑧

𝑧−4 2+
𝐶(4𝑧2+16𝑧)

𝑧−4 3 ----(1)

• Dividing z, we get 

•
𝑧2−8

𝑧−4 3 =
𝐴

𝑧−4
+

𝐵4

𝑧−4 2+
𝐶(4𝑧+16)

𝑧−4 3

•
𝑧2−8

𝑧−4 3 =
𝐴 𝑧−4 2+4𝐵 𝑧−4 +𝐶(4𝑧+16)

𝑧−4 3

• 𝑧2 − 8 = 𝐴 𝑧 − 4 2 + 4𝐵 𝑧 − 4 + 𝐶(4𝑧 + 16)

• Equating 𝑧2,  we get 1=A,

• Put z= 0 , we get -8=16A-16B+16C

• -8-16=-16B+16C

• -3=-2B+2C ------------(2)

• Equating z, we get

• 0=-8A+4B+4C

• 2=B+C -----------------(3)

• Solving 2 and 3 we get 𝐶 =
1

4
𝑎𝑛𝑑 𝐵 =

7

4

• Substituting

•
𝑧3−8𝑧

𝑧−4 3 =
𝑧

𝑧−4
+
7

4

4𝑧

𝑧−4 2 + 
1

4

(4𝑧2+16𝑧)

𝑧−4 3

• Apply inverse Z –transform, we get 

• 𝑧−1
𝑧3−8𝑧

𝑧−4 3 =𝑧−1 ቀ
𝑧

𝑧−4
+

7

4

4𝑧

𝑧−4 2 +




